Set Theory

Set are the fundamental discrete structures on which all the discrete structures are
built. Sets are used to group objects together, formally speaking
“A well-defined, unordered collection of distinct objects (Called elements or members
of a set) of same type”. Here the type is defined by the one who is defining the set.
Fore.g. A={0,2,4,6, ---}, B={1,3,5, ---}, C= {x| x € Natural number}
A set is generally denoted usually by capital letter. The objects of a set called the
elements, or members of the set. A set is said to contain its elements. Lower case
letters are generally used to denote the element of the'set.
X € A, means element x is a member of A
X € A means x is not a member of A
Cardinality of a set— It is the number of elements present in a Set, denoted like |A],
Fore.g. A={0,2,4,6}, |A| = 4.
Representation of set
o Tabular/Roster representation of set- here a set is defined by actually listing
its members. Generally Used when set contains few elements. Used in complex
analysis or large sets. E.g.
« A={a,e,i,o0,u}
- B={1,2,3,4}
- C={---4,-2,0;2,4, ).
o Set Builder representations of set- here we specify the property which the
elements of the set must satisfy. E.g.
= A={x| xis an odd positive number less than 10}
« A={x| xe€English alphabet && x is vowel}
« B={x| xeN&&x<5}
» C={x|xeZ&&x%2 =0}
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Set of all Complex number(C) - A complex number is a number that can be expressed
in the form ‘a + bi’, where ‘@’ and ‘b’ are real numbers and ‘i’ is the imaginary unit,
that satisfies the equation i2 = -1. In this expression, ‘a’ is the real part and ‘b’ is the
imaginary part of the complex number.

Set of all Real number(R) - A real number is a value that represents a quantity along
a continuous line, containing all of the rational numbers and all of the irrational
numbers.

Set of all Rational number (Q) - A rational number is any number that can be
expressed as a fraction p/q of two integers, a numerator p and a non-zero
denominator q.

Set of all Irrational number (R-Q or R/Q or P)- An irrational number is a real

number that cannot be expressed as a fraction i.e. as a ratio of integers.

Therefore, irrational numbers, when written as decimal numbers, do not terminate,
nor do they repeat. E.g. root2.

Set of all Integer(Z) - An integer is a number that can be written without a fractional
component.

Set of all Whole number(W) - A natural number. whole number in Science

Expand. whole number. A member of the set of positive integers and zero.

Set of all-Natural number(N) - A natural number is a number that occurs commonly
and obviously in nature. The set of natural numbers, can be defined as N ={1,2,3, 4....

oo}







« Finite set - If there are exactly ‘n’ distinct elements in S where ‘n’is a nonnegative
integer, we say that S is a finite set. For e.g. A={1,2,3,4} and ‘n’is the cardinality of S.

« Infinite set — A set contain infinite number of elements is called infinite set, if the
counting of different elements of the set does not come to an end. For e.g. a set of
natural numbers.

« Countable set — A set is said to be countable if there can be a one to one mapping
between the elements of the set and natural numbers. E.g. Set of stars.

« Uncountable set — A set is said to be uncountable if there cannot be a one to one
mapping between the elements of the set and natural numbers. E.g. Set of real
numbers.

Q Which of the following is/are not true? (NET-Dec-2015)

(a)The set of negative integers is countable.

(b)The set of integers that are multiples of 7 is countable.

(c)The set of even integers is countable.

(d)The set of real numbers between 0 and % is countable.

(A) (a) and (c) (B) (b) and (d) (C) (b) only (D) (d) only
Answer: (D)

We must understand if a set isglinite it must'Qe,coutable for e.g. number of states in India.
but in set theory it is also possibl@thdtieven if a8et is iNfidrte still it can be countable.

A set is countable if it each element ¢ah be asS@ciatéd with a natural number, because we
consider that natural numbersi@re infinit@but ye®they are countable. So, for a set to be
countable there is a one-to-on@mapping ba&tween the elements of the set and natural
numbers. e.g. set of staffs, selof Mtegers:

Such mapping is not poSsikle to Sét of all real numbers because between any two real
numbegs,thereWill B&infinite, real Mimbers and in that any two real numbers again infinite
real AmMbers and so@n 8o setof real numbers between 0 to 1/2 is not countable.
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Null set / empty set - Is the unique set having no elements. its size

or cardinality is zeroi.e. |¢| = 0. It is denoted by a symbol ¢ or {}. A set with one
element is called singleton set.
Universal set — if all the sets under investigation are subsets of a fixed set, i.e. the set

containing all objects, in venn diagram it is represented by a rectangle, and it is
denoted by U.




Subset of a set — If every element of set A is also an element of set Bi.e. Vx(x EA - x
€ B), then A is called subset of B and is written as A E B. B is called the superset of A.
E.ge. A={1,2,3,4,5,6} B ={4,5,6}

Note that to show that A is not a subset of B we need only find one element x e A
withx € B

To show that A E B, show that if x € A, then x € B.

B is subsetof A

¢ = A Empty set ¢ is a subset for every set

A C U every set is a subset of Universal set U

A C A every set is a subset of itself.

Proper subset — if A is a subset of B and A # B, then A is said to be a proper subset of
B, i.e. there is at least one element.in B which is not in A. denoted as A c B.

Equality of sets — if two sets A and B have the same element and therefore every
element of A also belong to B and every element of B also belong to A, then the set A
and B are said to be equal and written as A=B. i.e. if AC B and B E A, then A=B. Vx(x
EA> XEB)




e Power set — let A be any set, then the set of all subsets of A is called power set of A
and it is denoted by P(A) or 2A. If A={1,2,3}, then P(A) = {d, {1}, {2}, {3}, [1,2}, {2,3},
{1,3},{1,2,3}}

Cardinality of the power set of Aiis n, |P(A)|=2"

« Sets can be represented graphically using Venn diagrams, named after the English
mathematician John Venn, who introduced their use in 1881. In Venn diagrams the
universal set U, which

« Contains all the objects under consideration, is represented by a rectangle. (Note
that the universal set varies depending on which objects are of interest.) Inside this
rectangle, circles or other geometrical figures are used to represent sets. Sometimes
points are used to represent the particular elements of the set. Venn diagrams are
often used to indicate the relationships between sets.

Q The cardinality of the power setof {0, 1,2 ..., 10}is { (GATE-2015) (1 Marks)
(A) 1024 (B) 1023 (C) 2048 (D) 2043
Answer: (C)

Q Which of the following are true?
1)deA 2)pEA 3) DR 4hd =20 5)Med 6) AC 24

Q The power set of the set {OHis: (NET-Dec-2012)
a) {®} b) {®,{®}} c) {0} d) {0, ®, {®}}
Answer: (b)

To understand this question better let’s try to understand it with another example

A={}
P(A) = {®}

A ={a}
P(A) ={®, {a}}

A ={a, b}
P(A) = {®, {a}, {b}, {a, b}}

A= {0}
P(A) = {0, {®}}




Q If ¢ is an empty set. Then | P(P(P(d))) | = ?

a)1l b) 2 c)4 d) none of above
Ans: C

Q For a set A, the power set of A is denoted by 2. If A = {5, {6}, {7}}, which of the following
options are True. (GATE-2015) (1 Marks)

1) €24 necs24 ) {5, {6}} € 2* IV) {5, {6}} E 2~
(A) I and Il only (B) Il and Il only (C) 1, lland lll only (D) I, I and IV only
Answer: (C)

Q The number of elements in the power set P(S) of the set S= {{0},1,{2,3}}is: (GATE>1995)
(1 Mark)

a) 2 b) 4 c)8 d)'None ofithe above

Ans: C

Q let A be a set with n elements. Let C be a.collection of distin€t subsets of A such that for
any two subsets S;and S, in C,either S1is subset of Szaor S; is subset of S;. What is the
maximum cardinality of C? (GATE-2005) (2.Marks)

a)n b) n+1 €)2"1+1 d) n!

Ans: b




Operation on sets

Complement of set — set of all x suchthatx € A, butxe U. A°={x | x € A & x e U}
Union of sets — union of two sets A and B is a set of all those elements which either
belong to A or B or both, it is denoted by AUB.AUB ={x| x€ A or x € B}

Intersection of sets -- intersection of two sets A and B is a set of all those elements
which belong to both A and B, and is denoted by A ) B. A1 B={x| x € A and x € B}

e

e
A
\\\-.
— -

Disjoint sets -- Two sets are said to be disjoint if they do not have a common
element, i.e. no elementin Aisin Band no elementinBisin A . AN B=¢

O«

Set difference — the set difference of two sets A and B, is the set of all the elements
which belongs to A but do not belong to B. (A—B) / (A\B = {x| x€e A and x & B}

IAI

Symmetric difference — the symmetric difference of two sets A and B is the set of all
the elements that are in A or in B but not in both, denoted as.
o A®B={AUB}--{AN B}




o A@B={x|(xeAandx&B)or(xeBandx¢&A)}
o AG@B={A-B}U{B-A}

Q which of the following is not true?
a)A-B=ANBe b)A-(A-B)=A @B
c)A-(ANB)=A-B d)A-(A-B)=B

Q If A c B, then which of the following is not true?
(aJAUB=B (b)ANB

(c) B¢ c AS (d)B—-A=0¢
Q Which the following in not true? ‘ \

a) fAC ¢, thenA=0¢

b)(ANBY)U(ANB)=A
c) BU(ANB)=B
d) (ANBYU(ANB)U(ASNB ¢) =K B

Q Which of the followi
(@) (A-B)-C=A—(
(b) (A-B)-C=
(c) (A B}~ C=
(d) (A8 B) - (B

C) )} — (A-B)

Q Let A, B and C be non-empty sets and let X = (A-B) —C and Y=(A-C) —(B-C). Which one of
the following is TRUE? (GATE-2005) (1 Marks)

a) X=Y b) Xcy c) YcX d) None of these

Answer: (a)

Q Let A and B be sets and let A° and B¢ denote the complements of the sets A and B. the set
(@a—=b)U (b-a)U(anb)isequal to. (GATE-1996) (1 Mark)

(aJAuB (b) A°U b€ ()ANnB (d) A° N b€

Answer: (a)




QIf P, Q, R are subsets of the universal set U, then (GATE-2008) (1 Marks)
(PNQNR)U((P*NQNR)UQ“URSC

(A)Q°UR® (B)PUQ°URS®
(C)PcU Q°UR" (D)U
Answer: (d)

Qlet p, g and r be sets let @ denotes the symmetric difference operator definedas
P@g=(pUq)—(pnq)?(GATE-2006) (2 Mark)

Np@(gnr)=(p@q)n(P@q)

Npn(g@r)=(pnag)@(p@r)

a) lonly b) llonly  ¢) neither I nor d) both | and Il

Answer: (B)

Q Let E, F and G be finite sets.
letX=(ENF)—=(FNG)andY=(E—(EN G))—(E=F).
Which one of the following is true? (GATE-2006) (2 Mark)

(A)Xcy (B)XDY (C)X=Y (D)X-YzdandY-Xz0o
Answer: (C)
Q Let S be an infinite set Sy, Sa..a........ , Sn be'Sets such that S1 U S, U ..U Sp =S Then, (GATE-

1993) (1 Marks)

(a) at least one of the'set Si is a finite set

(b) not more thamene ofthe set Sican be finite
(c) at least onelof the'sets Siis.an infinite set

(d) not more than one of the sets Si can be infinite
Answer: (C)

Q Let P(S) denotes the power set of set S. Which of the following is always true? (GATE-
2000) (2 Marks)

(a) P(P(S)) = P(S) (b) P(S) nP(P(S)) = {d}
(c) P(S) NS =P(S) (d) S €P(S)
Answer: (B)

Q In a class of 200 students, 125 students have taken Programming Language course, 85
students have taken Data Structures course, 65 students have taken Computer Organization
course; 50 students have taken both Programming Language and Data Structures, 35




students have taken both Data Structures and Computer Organization; 30 students have
taken both Data Structures and Computer Organization, 15 students have taken all the three
courses. How many students have not taken any of the three courses? (GATE-2004) (1 Mark)
(A) 15 (B) 20 (€) 25 (D) 35

Answer: (C)

P(AUBUC)=P(A)+P(B)+P(C)-P(ANB)-P(ANC)-P(BNC)+P(ANBNC)
125+85+65-50-35-30+15=175

No of students not taking any courses-> 200-175=25

Q what is the cardinality of the set of integers X defined below (GATE-2006). (2 Mark)
X ={n| 1<=n<=123, nis not divisible by 2,3 or 5}?

a)28 b)33 c)37 d)44
Ans: b

N(AUBUC) = N(A) +N(B)+N(C) -N(AnB)-N(BNC)-N(ANC)+ N(AnBNC)
61+41+24-20-12-8+4=90=61+41+24-20-12-8+4=90

123-90=33

Q The number of integers between 1 and 500 (both inclusive) that are divisible by 3 or 5 or
7is . (GATE-2017) (1 Marks)

Ans: 271

166 + 100 + 71 -33-14-23+4 =271

Q In a college, there are three student clubs, Sixty students are only in the Drama club, 80
students are only in the Dance club, 30 students are only in Maths club, 40 students are in
both Drama and Dance clubs, 12 students are in both Dance and Maths clubs, 7 students
are in both Drama and Maths clubs, and 2 students are in all clubs. If 75% of the students in
the college are not in any of these clubs, then the total number of students in the college is
. (GATE-2019) (2 Mark)

(A) 1000 (B) 975 (C) 900 (D) 225
Answer: (C)

Therefore, total number of students participating in any of these clubs,
60+80+30+38+2+10+5

225

x*0.25 =225




225/0.25
Drama and Dance

Dance

q%e Math

K] 900

~a\o \©

Q How many multiples of 6 are there between the following palrs of numbers? (NET-Jan-

2017)
0 and 100 and —6 and 34 \ y

a)16and 6 b) 17 and 6 )17 and 7 d) 16 and 7

Answer: (a) '\ \

Between 0 and 100 multiple of 6 are: 6, 12, 18, 24, 30, 36, 42, 48, 54, 60, 66, 72, 78, 84, 90, 96 ie.
16 multiple. - N

Between -6 and 34 multiple of 6 are: 0, 6, 12, 18, 24, 30. ie. 6 multiple.

So,option (a) is correct.

.,1000}. How many members of A shall be divisible by 3 or

by 5 T-Dec-2014)

a) 533 c) 467 d) 66
Answer: (C)

From set A numbers {3,6,9,........ 999} which are divisible by 3 are 999/ 3 (A)= 333.

From set A numbers {5,10,...... 995,1000} which are divisible by 5 are 1000 / 5 (B)= 200.

From set A numbers {15, 30, ...990} which are divisible by 3 and 5are 990/ 3 * 5 (A A B)= 990/ 15 = 66.
So, numbers divisible by 3 or by 5 or by both 3 and 5:

(AvB)=A+B-(AAB)

(A v B)=333+200-67.

(A v B)=467.

So, option (C) is correct.

QifAi={-i,...-2,-1,0,1, 2, ..... i} (NET-July-2018)
then Uj2, Aiis




a)Z b) Q c)R d)C
Ans: b

Q Let A and B be sets in a finite universal set U. Given the following: |A—B|, |A @ B|, |A] +
|B| and |A U B| Which of the following is in order of increasing size? (NET-Dec-2016)

a) |A-B|<|ADB|<|A|+|B|] <|AUB|

b) A@B|<|A-B|<|AUB|<|A| +|B]|

c)|[AEDB|<|A|+|B|<|A-B|<]|AUB|

d) |A-B|<|ADB|<|AUB| < |A| + |B]

Ans: d

Q The power set of AU B, where A={2,3,5,7}and B=1{2,5, 8, 9} is (NET-D€e-2012)
a) 256 b) 64 ¢) 16 d) 4
Answer: (b)

A={2,3,5 7}, B={2,5, 8 9} thenAUB={2,3,5,7,8, 9}

let A be any set, then the set of all subsets of@AiSkcalled powelRget of A and it is denoted by
P(A) or 2A. If A={1,2,3}, then P(A) = {d, 11}, {28}, [1,2}, {2,3}4D3}, {1,2,3}}

If Cardinality of the power set of A is n, themp\P(AJ§&,2"

|[AUB| =6

|[P(AUB)| =2°=64

Q Suppose U is the power set ofithe set S ={4,2,3,4,5,6}. Forany T € U, let |T| denote the
number of elements in T and\T’ denote the complement of T. Forany T, R € U, let T\R be
the set of all elementsiin T which are'not in R. (GATE-2015) (2 Marks)

Which one of thefellowing is true?

A) vXeUn([X|=|X]) B) IX€U, 3YEU, (|X|=5, |Y|=5 and XNY=¢)

C) vXeU, vYeU, (]X|=2} |Y|23 andX\Y=¢) D) VXeU, VYeU, (X\ Y=Y\ X)

Ans: d

Q Consider the following statements:

S1: There exists.infinite sets A, B, C such that An(BUC) is finite.

S2: There exists two irrational numbers x and y such that (x + y) is rational.
Which of the following is true about S1 and S2? (GATE-2001) (2 Mark)

(a) Only S1is correct (b) Only S2 is correct
(c) Both S1 and S2 are correct (d) None of S1 and S2 is correct
Ans: c

Q Consider the following relation on subsets of the set S of integers between 1 and 2014.
For two distinct subsets U and V of S we say U <V if the minimum element in the symmetric




difference of the two sets is in U. Consider the following two statements: (GATE-2014) (2
Marks)

S1: There is a subset of S that is larger than every other subset.

S2: There is a subset of S that is smaller than every other subset.

Which one of the following is CORRECT?

(A) Both S1 and S2 are true (B) S1 is true and S2 is false

(C) S2 is true and S1 is false (D) Neither S1 nor S2 is true

Answer: (A)

Q Consider a set U of 23 different compounds in a Chemistry lab. Thete is a subset S of U of
9 compounds, each of which reacts with exactly 3 compounds of W Consider the fellowing
statements:

I. Each compound in U \ S reacts with an odd number of compounds.

Il. Atleast one compound in U\ S reacts with an odd'number of compounds.

lll. Each compound in U\ S reacts with an even numberof compounds.

Which one of the above statements is ALWAYS TRUE? (GATE-2016),(2‘Mark)

(A) Only | (B) Only Il (C) Only,lu (D) None

Answer: (B)

Each compound in SS reacts with exagily 88"¢ampounds,in UDH

It means that the degree of every node(8@€ompotnid) in'§8,is 33.

So sum of all the degree in S=S= number ofihodes i 8xSx degree of each node =9x3=27=9x3=27.
Now in U\SU\S we have 1414 no@d€s(or comp@unds), thtis clearly U\SU\S contains an even number of
compounds.

Now if each compound in YNSBA\ S reé@ets withfan éven number of compounds, the sum of degrees of all
the node in U\SU\S would'be eveh, andi@genséquently, the sum of degrees of all the nodes in our

graph GGwould be odd as¥lie sum 0fldegrees of all the nodes in SS is odd, and an odd number added
with an even nump@iiproduces,an odd@umber.

But sing@iin a graph, evely edgaé@erresponds to two degrees and the number of edges in a graph must
be a (BON-negative)integralialue ®@mot fractional value hence the sum of the degrees all the nodes of a
graph@ust be even. (This is Handshaking Lemma).

So statermentliFshoul dBefalse(always).

QletU={1,2,...,n}and A ={(x, X), x € Xand X € U}. Consider the following two
statements for |A|. (Gate-2019) (1 Marks)

(i) |A] = n*2?

(ii) |A|=Yr=1 k."C

Which of the following is correct?

(a) (i) only (b) (ii) only (c) Both (i) and (ii) (d) None of the above
Answer: (C)




Q The bit string for the sets, A ={1,3,5,7,9} and B={1,2,3,4,5} are 1010101010 and
1111100000 respectively. If the universal setis U ={1, 2....,10} is represented 1111111111
which of the following is false?

a)AUB=1111111010 b) AN B=1010100000
¢) A—B=0000001010 d) A©=0000011111
Ans: d

Q There are 100 people in a room. In this group 60 are men, 30 are young and 10 are young
men, then the number of old women is ?

a)12 b)20 c)30 80

Ans: b ‘

Q how many possible integers are there that are <= 91 and are relatiWiely pfilme to 9%7?
a)52 b)62 2

Ans: c

®

,é\a,\%




Idempotent law
o AUA=A
o ANA=A

Associative law
o (AUBJ)UC=AU(BUCQ)
o (ANB)NC=AN((BNCQC)

Commutative law
o AUB=BUA
o ANB=BNA

Distributive law
o AUBNC)=(AUB)N(AUCQ)
o ANBUC)=(ANB)U(ANC)

De Morgan’s law
o (AUB)¢=A‘N B¢
o (ANB)c=A“UB®

Identity law
o AUd=A
o ANd=0¢
o AUU=U
o ANU=A

Complement law
o AUA‘=U
o ANA=d
o Ut=¢
o

$¢=U

Involution law
o ((A))°=A




Cartesian Product

e Cartesian Product: - of two sets A and B in the set of all ordered pairs, whose first
member belongs to the first set and second member belongs to the second set,
denoted by A * B.

e Itis a kind of maximum relation possible, where every member of the first set belong
to every member of the second set. A*B={(a, b) | a€ Aand b € B}

e ForEg.ifA={a b}, B={1,2, 3}, A*B={(a, 1), (3, 2), (a, 3), (b, 1), (b, 2), (b, 3)}
® In general, commutative law does not hold good A* B = B*A

e If |A| =mand |B| =nthen |A*B| =m.n

Q Let A be a finite set of size n. The number of elements in thegower setiof AxA is: (GATE-
1993) (1 Marks)

a) 2°(2"n) b) 24(n"2) c) 2”n

d) 2”n e) None of the above

Answer: (B)




Relation
e Relation: - Let A and B are sets then every subset of ‘A*B’ is called a relation from A
to B.
e If |A| =m and |B| = n then total no of element(pair) will be m*n, every element will
have two choice weather to present or not present in the subset(relation), therefore
the total number of relation possible is 2™™

e Largest relation possible will be A*B
e Smallest possible relation will be ¢

e Complement of a relation: - Let R be a relation from A to B, then the complement of
relation will be denoted by R’, R°or R- R ={(a,b)|(a,b) € A*B, (a,b) €! R}
o R =(A*B)-R
o RUR =A*B
o RNR =¢
e ForE.g. ifA*B={(a, 1), (a, 2), (a, 3), (b, 1), (b, 2), (b, 3)}, R={(a, 1), (a, 3), (b, 2)},
R”={(a, 2), (b, 1), (b, 3)}

e Inverse of a relation: - Let R be a relation from A to B, then the inverse of relation will
be a relation from B to A, denoted by R1. R ={(b, a) | (a, b) € R}
e A*B={(a, 1), (a,2),(a,3), (b, 1), (b, 2), (b, 3)}
e R={(a, 1), (a, 3), (b, 2)}
e R!={(1,a),(3,a), (2 b)}
e |R|=|R?|

Diagonal relation: - A relation R on a set A is said to be diagonal relation if, R is a set of all
ordered pair (x,x), for every Vx € A, sometimes it is also denoted by A a

R={(x,x) | ¥x €A}

Q The number of binary relations on a set with n elements is: (GATE-1999) (1 Marks)
(A) n2 (B) 2*n (C) 2~n? (D) None of the above
Answer: (C)




Types of a Relation

e To further study types of relations, we consider a set A with n elements, then a
cartesian product A*A will have n? elements(pairs). Therefore, total number of
relation possible is 27" "

o Reflexive relation: - A relation R on a set A with cartesian product A*A is said to be

reflexive,
o If VXeEA
o (x,x)ER
e Smallest reflexive relation is Aa
e Largest reflexive relation is A*A
e Total number of reflexive relations will be 2"

Q What is the possible number of reflexive relations on a set of 5 elements? (GATE-2010) (1
Marks)

(A) 220 (B) 215 (C) 2% (D) 2%
Answer: (C)

Irreflexive relation: - A relation R on a set A with cartesian product A*A is said to be

Irreflexive,
o If VXEA
o (x,x) &R
e _Smallest irreflexive relation is ¢
o Largest irreflexive relation is (A*A) - A
e Total number of irreflexive relation will be 2"

Q consider a set A ={1,2,3}, find which of the following relations are reflexive and
Irreflexive?

Relation Reflexive Irreflexive
A*A Yes No
(0)] No Yes
{(1,1), (2,2), (3,3)} Yes No
{(1,2), (2,3), (1,3)} No Yes
{(1,1), (1,2), (2,1), (2,2)} No No
{(1,1), (2,2), (3,3), (1,3), (2,1)} yes No




{(1,3), (2,1), (2,3), (3,2)} no yes

If a relation R on a set A is reflexive, then R¢is Irreflexive

e |[f two relations R1 and R2 are reflexive then their union and intersection will also be
reflexive.

e |[f two relations R1 and R2 are Irreflexive then their union and intersection will also be
Irreflexive.

Q Suppose that R1 and R2 are reflexive relations on a set A. Which of the following
statements is correct? (NET-July-2016)

a) R1 n R2 is reflexive and R1 U R2 is irreflexive.

b) R1 n R2 is irreflexive and R1 U R2 is reflexive.

c) Both R1 n R2 and R1 U R2 are reflexive.

d) Both R1 n R2 and R1 U R2 are irreflexive

Ans: c




Symmetric relation: - A relation R on a set A with cartesian product A*A is said to be
Symmetric,

If Va,b€eA
(a,b) ER

e If arelation on a set A is symmetric then R =R

e |f two relations R1 and R2 are symmetric then their union and intersection will also
be symmetric.

e Smallest symmetric relation is ¢

e Largest symmetric relation is A*A

e Total number of symmetric relation will be 2(n(n+1)1/2

Anti-Symmetric relation: - A relation R on a set A with cartesian product A*A is said to be
Anti-Symmetric,

If Va,beA
(a,b) ER
(b,a) ER

Conclusion: Symmetry is not allowed but diagonal pairs are allowed

e Arelation.Ron a set A is Anti-Symmetricif RN RY) E Aa

e Sub set of a Anti-Symmetric will also be Anti-Symmetric

e If two relations R1 and R2 are Anti - symmetric then their union need not to be Anti-
symmetric but intersection will also be Anti-symmetric.

e Smallest Anti-symmetric relation is ¢

e Largest Anti-symmetric relation will contain n(n+1)/2 elements

e Total number of Anti-symmetric relation will be 2" *3[n(r-1)1/2




Asymmetric relation: - A relation R on a set A with cartesian product A*A is said to be
Asymmetric,

If Va,beA
(a,b) ER

Conclusion: Symmetry is not allowed; even diagonal pairs are not allowed
Every asymmetric relation is also anti-symmetric

e Smallest Asymmetric relation is ¢
e Largest Asymmetric relation will contain n(n-1)/2 elements
e Total number of Asymmetric relation will be 31172

[ Relation T symmetric [T Anti-Symmetric
A*A

Y N N
$

{(1,2), (2,2), (3,3)}
{(1,2), (2,3), (1,3)}
{(1,1), (1,2), (2,2), (2,2)}
{(1,1), (2,2), (3,3), (1,3), (2,1)}
{(1,3), (2,2), (2,3), (3,2)}

s (Zl<|z|<|=<
S |<|2Z2<|<]|=<

21212 |<|2|<

Q Consider aset A ={a, b, c} and R1, R2, R3 and R4 are relations on A which of the following
is not true?

T i symmetric T Anti-symmetric ] Asymmetric T

R1={(a, a), (c, c)} y Y T
R2 ={(a, b), (b, a), (a, )} n N T
R2 ={(a, b), (b, c), (a, c)} n Y T
R2 ={(a, b), (b, a), (¢, c)} y n T

Q Consider the binary relation R = {(x, y), (x, ), (z, x), (z, y)} on the set {x, y, z}. Which one of
the following is TRUE? (GATE-2009) (1 Marks)

(A) R is symmetric but NOT antisymmetric

(B) R is NOT symmetric but antisymmetric

(C) R is both symmetric and antisymmetric




(D) R is neither symmetric nor antisymmetric
Answer: (D)

Q Let R be a relation on the set of ordered pairs of positive integers such that ((p, q), (r, s))
€ R if and only if p—s = g—r. Which one of the following is true about R? (GATE-2015) (2
Marks)

(A) Both reflexive and symmetric

(B) Reflexive but not symmetric

(C) Not reflexive but symmetric

(D) Neither reflexive nor symmetric

Answer: (C)

Q How many relations are there on a set with n elements that are symmetric and a set with
n elements that are reflexive and symmetric? (NET-Dec-2012)

a) 2n(n+1)/2 and 2n_3n(n—1)/2 b) 3n(n—1)/2 and 2n(n—1)

C) 2n(n+1)/2 and 3n(n—1)/2 D) 2n(n+1)/2 and 2n(n—1)/2

Answer: (d)




Transitive relation: - A relation R on a set A with cartesian product A*A is said to be
Transitive,

If Va,b€eA
(a,b) ER

(b,c) ER

e Smallest Asymmetric relation is ¢
e Largest Asymmetric relation will contain A*A elements

e |f two relations R1 and R2 are Transitive then their union.-need not to be transitive
but intersection will also be transitive.

Relation Transitive
A*A Y
¢
{(1,1), (2,2), (3,3)}
{(1,2), (2,3), (1,3)}
{(1,1), (1,2), (2,2), (2,2)}
{(1,1), (2,2), (3,3), (1,3), (2,2)}
{(1,3), (2,1), (2,3), (3,2)}
{(1,2)}
{(1,3), (2,3)}
{(1,2), (1,3)}
{(2,3), (1,2)}

S I\ K IZ2I0IK K |IK|Z2

No of transitive relation
1
2
13
171
3994

]
=)

£ WN RO T




Warshall’s Algorithm

Q Consider aset A ={a, b, ¢, d} and a relation R ={(a, d), (b, a), (b, c), (c, a), (c, d), (d, c)}?

Q consider aset A={1,2,3,4} and a relation R ={(1, 1), (2, 1), (2, 2), (2, 3), (2, 4), (3, 1), (3, 2),
(3, 3), (3, 4)}?

Q Consider aset A={1,2,3} and a relation R = {(1,1), (1,3), (2,2), (3,1), (3,2)}?

1 2 3
1 1 0 1
2 0 1 0
3 1 1
1 2 3
Column (1,3) (2,3) (1,3)
Ro (1,3) (2) (1,2,3)
(1,1), (1,3), (3,1), (2,2), (3,2) (1,1), (1,2), (1,3),
(3,3) (3,1), (3,2), (3,3)

Q Let R be the relation on the set of positive integers such thata R b ifand onlyifaand b
are distinct and have a common divisor other than 1. Which one of the following
statements about R is True? (GATE-2015) (1 Marks)

(A) R is symmetric and reflexive but not transitive

(B) R is reflexive but not symmetric and not transitive

(C) R is transitive but not reflexive and not symmetric

(D) R is symmetric but not reflexive and not transitive

Answer: (D)

Q A binary relation R on'N\x N'is defined as follows:

(a, b) R{(epd)ifia<=cor b'<=d

Consider the following propositions:

P: R is reflexive

Q: R is transitive

Which one of the following statements is TRUE? (GATE- 2016) (2 Marks)

(A) Both P and Q are true. (B) P is true and Q is false.
(C) P is false and Q is true. (D) Both P and Q are false.
Answer: (B)

(4,7) (5,2)

(5,2) (1,3)
(4,7) (1,3)




Q The binary relation R={(1,1), (2,1), (2,2), (2,3), (2,4), (3,1), (3,2), (3,3), (3,4)} on the set A =
{1,2,3,4} is (GATE-1998) (2 Marks)

(a) reflexive, symmetric and transitive

(b) neither reflexive, nor irreflexive but transitive

(c) irreflexive, symmetric and transitive

(d) irreflexive and antisymmetric

Ans: b

Q The binary relation S = ¢ (empty set) on set A ={1,2,3} is (GATE-2002) (2 Marks)

(a) Neither reflexive nor symmetric (b) Symmetric and reflexive

(c) Transitive and reflexive (d) Transitive and symmetric

Ansd

Q The relation “divides” on a set of positive integers is . (NET-June-2013)

a) Symmetric and transitive b) Anti symmetric and transitive
¢) Symmetric only d) Transitive only

Answer: (b)

QA-relationRin {1, 2,3,4,5,6} is given by {(1,2), (2,3), (3,4), (4,4), (4,5)}. This relation is:
(NET-Dec-2008)

a) Reflexive b) Symmetric
¢) Transitive d) not reflexive, not symmetric and not transitive
Answer: (a)
0 1 0
Q thedfansitive closure of alkelation R on a set A whose relation matrix 0 0 1 is: (NET-
1 0 O
June-2005)
0O 1 0 ™1 0 1 1 1 0 1 1
a)o 0 1 b)1 1 0 1 1 1 do 1 1
1 0 O 1 1 0 1 1 1 0 1 1
Ans: c

Q The transitive closure of the relation {(1,2), (2,3), (3,4), (5,4)} on the set {1,2,3,4,5} is

. (GATE-1989) (2 Marks)
The transitive closure of the relation R = {(1,2),(2,3),(1,3) ,(3,4),(2,4),(1,4),(5,4)}




Equivalence Relation: - A relation R on a set A with cartesian product A*A is said to be
Equivalence, if it is

e Reflexive
e Symmetric
e Transitive

If two relations R1 and R2 are Equivalence then their union need not to be equivalence but
intersection will also be Equivalence.

Q Let R and S be any two equivalence relations on a non-empty set A. Which oneof the
following statements is TRUE? (GATE-2005) (2 Marks)

(A) RUS, R n S are both equivalence relations

(B) R U Sis an equivalence relation

(C) R n Sis an equivalence relation

(D) Neither R U S nor R n Sis an equivalence relation

Answer: (C)

Q Let R1 and R2 be two equivalence relations on a set. Consider the following assertions
(GATE-1998) (1 Marks)

(i) R1 U Rz is an equivalence relation

(ii) R1 N Rz is an equivalence relation

Which of the following is correct?

a) Both assertiofs are true

b) Assertions (i)is true but assertions (ii) is not true

c) Assertions (ii) is true butiassertions (i) is not true

d) Neither (i) nor(ii) isitrue

Answer: C

Q Consider the following relations:

Ri: (a, b) iff (a + b) is even over the set of integers

Rz : (a, b) iff (a + b) is odd over the set of integers

R3: (a, b) iff a. b > 0 over the set of non-zero rational numbers

Rs: (a3, b) iff |a—b| <2 over the set of natural numbers

Which of the following statements is correct? (GATE-2001) (1 Marks)
(a) R1 and R2 are equivalence relations, R3 and R4 are not

(b) R1 and R3 are equivalence relations, R2 and R4 are not




(c) R1 and R4 are equivalence relations, R2 and R3 are not
(d) R1, R2, R3 and R4 are all equivalence relations
Ans: b

Q Which of the relations on {0, 1, 2, 3} is an equivalence relation? (NET-July-2018)
a) {(0,0) (0, 2) (2,0) (2, 2) (2,3) (3, 2) (3, 3)}

b) {(0, 0) (1, 1) (2, 2) (3, 3)}

¢){(0,0) (0, 1) (0, 2) (1, 0) (1, 1) (1, 2) (2, O)}

d) {(0, 0) (0, 2) (2, 3) (1, 1) (2, 2)}

Ans: b

Equivalence Class: - of an element is denoted by [x].
IX]={y | y€EAand(x,y) ER}forallx € A

We can have [x] = [y], evenif x =y

Q Consider A={1, 2, 3, 4, 5} an equivalenf@kelation R on ANR=
{(1,1),(2,2),(3,3),(4,4),(5,5),(1,4),(4,1),{2,5),(82) find the partiion of a set A, defined by R.

[1]=1{1, 4}
[2] = {2, 5}
[3]= {3}

[4] = {1,4}
[5]=1{2, 5}

Partitions of a Set: - let A be a set, with n elements. Based on our understanding of
equivalent classes, a subdivision of A into non-empty and non-overlapping subset is called a
partition of A

AtUA UAsU e UA,=A
AN A NAIN ot NAn =

so we have partitions = {1, 4}, {2, 5}, {3}

QlLetA={1,2,3,4,5}is a set having partitions as {1, 4}, {2, 3, 5}, find the equivalence
relation from which these partitions are created?

R={(1,4)* (1, 4),(2,3,5)*(2,3,5)}
R={(1,1),(2,2),(3,3),(4,4),(5,5),(1,4),(4,1),(2,3),(3,2),(2,5),(5,2)(3,5)(5,3)}




Q A relation R is defined on the set of integers as x Ry iff (x + y) is even. Which of the
following statements is true? (GATE-2000) (2 Marks)

(a) R is not an equivalence relation

(b) R is an equivalence relation having 1 equivalence class

(c) Ris an equivalence relation having 2 equivalence classes

(d) R is an equivalence relation having 3 equivalence classes

Answer: C

Q Let S be a set of n elements. The number of ordered pairs in the largest and the smallest
equivalence relations on S are (GATE-2007) (1 Marks)

(A) nand n (B) n2and n (C)n?and 0 (D)nand 1
Answer: (B)

Q Suppose A is a finite set with n elements. The number of elements in the largest
equivalence relation of A is? (GATE-1998) (1 Marks)

(a) n (b) n? ()1 (dyn+1
Ans: c

Q Let R be a non-empty relation on a collection of sets defined by ARB ifand onlyif An B
= ¢. Then, (pick the true statement) (GATE-1996) (2 Marks)

(a) R is reflexive and transitive (b) R is symmetric and not transitive
(c) Ris an equivalence relation (d) R is not reflexive and not symmetric
Ans: b

Q How many different equivalence relations with exactly three different equivalence
classes are there on a set with five elements? (NET-July-2016)

(A) 10 (B) 15 (C) 25 (D) 30
Answer: (C)

Q The number of equivalence relations of the set {1,2,3,4} is (GATE-1997) (1 Marks)

a) 15 b) 16 c) 24 d) 4
Answer: (A)

Q “xM1is a clone of x” means x*1 is identical to x in terms of the physical attributes namely,
height, weight and complexion. Given, height, weight and complexion only form a complete
set of attributes for an entity, cloning is an equivalence relation. What is your impression
about this statement? (NET-June-2010)




a) The statement is true b) The statement is false
¢) The truth value of the statement cannot be computed d) None of these
Answer: (a)




Partial Order Relation: - A relation R on a set A with cartesian product A*A is said to be
partial order, if it is
e Reflexive

e Anti - Symmetric
e Transitive

Partial ordering set (Poset): - a set A with partial ordering relation R defined on A is called a
POSET and is denoted by [A; R]

Fore.g. [A, /], [A, <=], [P(S), E

Total order relation: - A Poset [A; R] is called a total order set, if every pair of elements are
comparable i.e. either (a, b) or (b,a) x ER,forVa, b €A

Fore.g. A={1, 2, 3, 6}, then Poset [A,/] is not a total order relation but A = {1248} will be

Q A relation R is defined on ordered pairs of integers as follows: (x, y) R (u, v) if x<uandy >
v. Then R is (GATR-2006) (1 Marks)

(A) Neither a Partial Order nor an Equivalence Relation

(B) A Partial Order but not a Total Order

(C) A Total Order

(D) An Equivalence Relation

Answer: A

Q let R1 be a relation from A ={1,3,5,7} to B ={2,4,6,8} and R, be another relation from B to
C=1{1,2,3,4} as defined below (GATE-2004) (1 Marks)

(i) an element x in A is related to an element y in B if x + y is divisible by 3

(ii) an element x in B is related to an element y in Cif x + y is even but not divisible by 3.
Which is the composite relation R1R2 from A to C?

a) {(1,2), (1,4), (3,3), (5,4), (7,3)} b) {(1,2), (1,3), (3,2), (5,2), (7,3)}
c){(1,2), (3,2), (3,4), (5,4), (7,2)} d){(3,2), (3,4), (5,1), (5,3), (7,1)}
Answer: C

Q Which of the following statements is true? (NET-July-2018)

a) (Z, <) is not totally ordered

b) The set inclusion relation C is a partial ordering on the power set of a set S
c) (Z, #) is a Poset

{ )a h( )
d) The directed graph is not a partial order

Ans: b




Q Let R be a symmetric and transitive relation on a set A. Then (GATE-1995) (1 Marks)
a) R is reflexive and hence an equivalence relation

b) R is reflexive and hence a partial order

c) Ris reflexive and hence not an equivalence relation

d) None of the above

Answer: (D)

Q A partial order P is defined on the set of natural numbers as follows. Here x/y denotes integer division.
(GATE-2007) (2 Marks)

(1) (0,0) e P (2) (a, b) ePifand only ifa% 10 <=b % 10 and (a/10, b/10) € P.
Consider the following ordered pairs:

(i) (101,22) (i) (22,101) (iii) (145,265) (iv) (0,153)
a) | &iii b)ii & iv c)l &iv d).iii &'iv

Ans:d




Conversion of poset into a Hasse Diagram

If we want to study Partial order relation further then it will be better to convert it into
more convinent notation so that it can be studied easily. This graphical representation is
called Hasse Diagram

Stepts to convert partial order relation into hasse diagram

1- Draw a vertex for each element in the Set

2-1f (a,b) e Rthen draw an edge fromatob

3- Remove all Reflexive and Transitive edges

4- Remove the direction of edges and arrange them in the increasing order of heights.

Q Consider a Partial order relation and convert it into hasée diagram?
R={(1,1), (1,2), (1,4), (1,8), (2,2), (2,4), (2,8), (4,4), (48), (8,8)}

Q ConsSider a Partial arder relation and convert it into hasse diagram?
R={{31), (1,2), (1,3),(16), (2,2), (2,6), (3,3), (3,6), (6,6)}

Q = §

Qléé__"_'%




Q Study the follwing hasse diagram and find which of the follwing are valid?

4

)
b /C‘
& (6.8
¢ ‘b d
A e
ao
b C




Conclusion

e We can not have a horizontal edge in a hasse diagram
e We can not have a reflexive and transativie edge in Hasse Diagram

Q Let X=1{2,3,6,12,24}, Let < be the partial order defined by X <Y if x divides y. Number of
edges as in the Hasse diagram of (X, <) is. (GATE-1996) (1 Marks)

(a) 3 (b) 4 (c)9 (d) None of the above

Ans b




Elements of a Poset

Maximal Element: - An element is said to be maximal if it is not related to any other
element in the Partial order relation.

Minimal Element: - An element is said to be minimal if no other element is related to it in
the Partial order relation.

e Every hasse diagram will have at least one Maximal and Minimal element(one or
more).

Maximum/Greatest Element: - An element is said to be Maximum/Greatest if it is not
related to any other element but every element is related to it in Partial order relation. Or if
a hasse diagram has only one Maximal element then it will also be Maximum/Greatest
element.

Minimum/Least Element: - An element is said to be Minimum/Least if no other element is
related to it but it is related to every element Partial order relation. Or if a hasse diagram
has only one Minimal element then it will also be Minimum/Least element.

e Every hasse diagram will have at most one Greatest and Least element(zero or one).
e Every Greatest element is also Maximal
e Every Least element is also Minimal







Upper Bound: - Upper bound of a subset B with respect to set A, will contain all
those element to which all the elements of B is related.

Lower Bound: - lower bound of a subset B with respect to A, will contain all
those elements which are related to every element of B.




Least Upper Bound/LUB/Join/Supremeum/V: - Least value in the upper bpund

Greatest Lower Bound/GLB/Meet/Infimum/A: - Greatest value in the lower bound

Q Consider the Poset ({3,5,9,15,24,45}, /). Which of the following is correct for the given
Poset? (NET-JUNE-2019)

a) There exist a greatest element and a least element

b) There exist a greatest element but not a least element

c) There exist a least element but not a greatest element

d) There does not exist a greatest element and a least element

Ans: d




Lattice

Join Semi Lattice :- A hasse diagram/Partial order relation is called Join Semi Lattice if for
every elements their exists a Join.

Meet Semi Lattice :- A hasse diagram/Partial order relation is called Meet Semi Lattice if for
every elements their exists a Meet.

Lattice :- A hasse diagram/Partial order relation is called Lattice if their exist a Join and
Meet for every pair of element. Or A hasse diagram/Partial order relation is called Latice if
it is both Join Semi Lattice and Meet Semi Lattice.

Q Which of the following elements are lattice ?




/




—







Q A partially ordered set is said to be a lattice if every two elements in the set have (NET-
Dec-2010)

a) a unique least upper bound b) a unique greatest lower bound
c¢) both (A) and (B) d) none of the above
Answer: (C)

Q the inclusion of which of the following set into S = {{1,2},{1,2,3},{1,3,5},{1,2,4},{1,2,3,4,5}}
is necessary and sufficient to make S a complete lattice under the partial order defined by
set containment? (GATE-2004) (2 Marks)

a) {1} b) {1}, {2,3} c) {1}, {1,3} d) {1}, {1,3}, {1,2,3,4}, {1,2,3,5}
Ans: a

Q Consider the following Hasse diagrams

OV Y

(i) (iii) (iv)
Which all of the above represent a lattice? (GATE-2008) (2 Marks)
(A) (i) and (iv) only (B) (ii) and (iii) only
(C) (iii) only (D) (i), (ii) and (iv) only
Answer: (A)

Q Consider the set X={a, b, c, d)e} under partial
ordering R={(a,a)}(a;b),(a;¢),(a,d),(a,¢),(b,b),(b,c),(b,e),(c,c),(c,e),(d,d),(d,e),(e,e)}. The Hasse
diagram of the partial erder (X, R) is shown below.

e

The Hasse diagram of the partial order (X, R) is shown below.

The minimum number of ordered pairs that need to be added to RR to make (X, R) a lattice
is (GATE-2017) (1 Marks)

Answer: 0




Boolean algebra

Unbounded Lattice :- If a lattice has infinite of elements then it is called
Unbounded Lattice.

1 4O

. L

b2

— 0

Bounded Lattice :- If a lattice has finite number of elements then it is called
Bounded lattice, there will be upper and lower bound in lattice.

Complement of an element in a Lattice :- If two elements a and a¢, are complement
of each other, then the following equations must always holds good.

av a‘ = Upper bound of lattice

a A a¢ = Lower bound of lattice

Distributive Lattice :- A lattice is said to be distributted lattice. if for every element
their exist at most one element(zero or one).

Complement Lattice :- A Lattice is said to be Complement lattice. if for every
element their exist at least one element(one or more).




Boolean Algebra :- A Lattice is said to be Boolean Algebra, if for every element
their exist exactly one complement. Or if a lattice is both complemented and
distributed then it is called Boolean Algebra.







57
9
P =
S
A




Q The complement(s) of the element 'a' in the lattice shown in below figure is (are)

(GATE-1988) (2 Marks)

Q the relation <= and < om a,Boolean algebra is'defined as :

x<=yifand onlyifx Vy =y

X<y means x<=y but x!=y

X>=y means y<=x and

X>y means y<x

considering the above définitions, which,of'the following in not true in the Boolean
algebra?

1) if x<=y and y<=z, thenx<=z 2) if x<=y and y<=x, then x=y
3) if x&J'and y<z, thenx<=y 4) if x<y and y<z, then x<y
a)2 and 3 b)3 c)land 2 d) 4

(NET-Dec-2018)

Q The following is the Hasse diagram of the Poset [{a, b, ¢, d, e}, <]

[




The Poset is (GATE-2005) (1 Marks)

(A) not a lattice (B) a lattice but not a distributive lattice
(C) a distributive lattice but not a Boolean algebra (D) a Boolean algebra
Answer: (B)

Q Find which of the following is a lattice and Boolean Algebra?

1) [D12, /]
2) [{1,2,3,4,6,9}, /]

3) [{2,3,4,6,12}, /]

4) [{1,2,3,5,30}, /]

5) [{1,2,3,6,9,18}, /]

6) [D110, /]

7) [Das, /]

8) [{2,3,4,9,12,18}, /]

9) [R, <=]

10) [Dsy, /]

11) [D3o, /]

12) [Dea, /]

13) [Dao, /]

14) [Des, /]
-

15) [%» /]

16) [P(A), E], A=1{1,2,3}

Q Consider the following hasse diagram, find which of the following is true?

> 4




N
a) it is a lattice b) subset {a,b,c,d} is a lattice
c) subset {b,c,d,e} is a lattice d) subset {a,b,c,e} is a lattice

Q Consider the following hasse diagram, find which of the following is true?

Y

@)

a) subset {a,b,c,g} is a lattice b) subset {a,b,f,g} is a lattice
c) subset {a,d,e,g} is a lattice d) subset {a,c,e,g} is a lattice




Proposition

First understand the difference between Scientist and Philosopher. Philosopher give an
idea or theory which may have different interpretation from person to person. It depends
on the wisdom of a person.

There are different philosophers in the world suggested different philosophy like, Plato,
Aristotle, Confucius, Karl Marx, Laozi, Chanakya, Mahatma Gandhi, Gautam Buddha
Proposition with rules of logic actually is a method of reasoning (unambiguous, machinic,
deterministic), given by Aristotle who was the teacher of Alexander son of King Philip of
Macedonia and there may be different methods of solving a problem apart from
proposition.

Proposition and rules of logic specify the meaning of mathematical statements. Logic is
the basis of all mathematical reasoning, and of all automated reasoning. It has practical
applications to the design of computing machines, to the specification of systems, to
artificial intelligence, to computer programming, to programming languages, and to other
areas of computer science, as well as to many other fields of study.

To understand mathematics, we must understand what makes up a correct mathematical
argument, that is, a proof. Once we prove a mathematical statement is true, we call it a theorem.
A collection of theorems on a topic organize what we know about this topic.

Everyone knows that proofs are important throughout mathematics, even in computer science.

In fact, proofs are used to verify that computer programs produce the correct output for all

possible input values, to show that algorithms always produce the correct result, to establish the

security of a system, and to create artificial intelligence.

* The rules of logic give precise meaning to mathematical statements. These rules are used to
distinguish between valid and invalid mathematical arguments.

* The area of logic that deals with propositions is called the propositional calculus or
propositional logic or predicate calculus (study of propositions). It was first developed
systematically by the Greek philosopher Aristotle more than 2300 years ago.

* We now turn our attention to methods for producing new propositions from those
that we already have. These methods were discussed by the English mathematician
George Boole in 1854 in his book The Laws of Thought.




If a set of Premises(P) yield another proposition Q(Conclusion), then it is called an Argument
and it is denoted by

{P1, P2, Ps..., PN} [-Q

P1
P2
P3

{PLAP2APsA....APN}[-Q

An argument is said to be valid if the conclusion Q can be derived from the premises by
applying the rules of inference. Premises is a statement that provides reason or support for
the conclusion.

A proposition is a declarative sentence (that is, a sentence that declares a fact) that is either
true or false, but not both.

For e.g.

* Delhiis the capital of USA

* How are you doing

e 5<=11

* Temperature is less than 10 C
* ltis cold today

* Read this carefully

e X+y=z




e Law of contradiction - the law of non-contradiction (LNC) (also known as the law of
contradiction, principle of non-contradiction (PNC), or the principle of contradiction)
states that contradictory propositions cannot both be true in the same sense at the same
time. e.g. the two propositions "A is B" and "A is not B" are mutually exclusive.

o Law of excluded middle - the law of excluded middle (or the principle of excluded middle)
states that for any proposition, either that proposition is true or its negation is true.

Types of proposition

We use letters to denote propositional variables (or statement variables), that is, variables
that represent propositions, just as letters are used to denote numerical variables. The
conventional letters used for propositional variables are p, g, r, s. The truth value of a
proposition is true, denoted by T, if it is a true proposition, and the truth value of a
proposition is false, denoted by F, if it is a false proposition.

Many mathematical statements are constructed by combining one or more propositions.
New propositions, called compound propositions, are formed from existing propositions
using logical operators.

Operators / Connectives

Negation: - let p be a proposition. The negation of p, denoted by -p, is the statement “it is
not the case that p”.

The truth value of the negation of p, —p, is the opposite of the truth value of p.

e.g. “Michael’s PC runs Linux” = “It is not the case that Michael’s PC runs Linux.” = “Michael’s
PC does not run Linux.”

“Vandana’s smartphone has at least 32GB of memory” = “It is not the case that Vandana’s
smartphone has at least 32GB of memory.” = “Vandana’s smartphone does not have at least
32GB of memory” = “Vandana’s smartphone has less than 32GB of memory.”

The negation operator constructs a new proposition from a single existing proposition.



https://en.wikipedia.org/wiki/Proposition
https://en.wikipedia.org/wiki/Exclusive_or
https://en.wikipedia.org/wiki/Truth_value
https://en.wikipedia.org/wiki/Negation

Conjunction

Let p and g be propositions. The conjunction of p and g, denoted by p A g, is the proposition
“p and g.” The conjunction p A g is true when both p and g are true and is false otherwise.

- H| m| M ©
- M| 4 T =

— T T T >

e.g. p is the proposition “Rebecca’s PC has more than 16 GB free hard disk space” and g is
the proposition “The processor in Rebecca’s PC runs faster than 1 GHz.”

The conjunction of , p g, is the
space, and the processor in Re

b

roposition “Rebecca’s PC has more than 16 GB free hard disk
ecca’s PC runs faster than 1 GHz.” This conjunction can be

expressed more simply as “Rebecca’s PC has more than 16 GB free hard disk space, and its
processor runs faster than 1 GHz.”

-(pAq)

~(pAq)

p

~q

(b Aq)

p

-~ (pAq)

ll




Disjunction

e Letpand g be propositions. The disjunction of p and g, denoted by p V g, is the

proposition. “p or q.” The disjunction p V q is false when both p and g are false and is true
otherwise.

F F F
F T T
T F T
T T T
pVvVq
L pAq
(pVQq) (b Va)
-p ~q
q p
(pVaq) (b Vaq)
p p
-q q
-(pVaq) (b Vaq)
-p p
P

pVq




XOR(Exclusive-OR)

e When the exclusive or is used to connect the propositions p and g, the proposition “p or g
(but not both)” is obtained. This proposition is true when p is true and g is false, and when
p is false and g is true, denoted by p @ q. It is false when both p and g are false and when

both are true.

F F
F T
T T
T F
(pDaq) (pVa)
pVQq) (b D a)
(b D a) (b D q)
p -p
-(pVaq) (p Aq)
p € q) (o Dq)




Implication

* Let p and g be propositions. The conditional statement p — ¢ is the proposition “if p,
then q”. The conditional statement p — q is false when p is true and q is false, and true
otherwise.

» Conditional statement p — q is called the hypothesis (or antecedent or premise) and q
is called the conclusion. The statement p — ¢ is called a conditional statement because
p — g asserts that q is true on the condition that p holds. A conditional statement is
also called an implication.

- - T
F T T
T F F
T T T
“if p, then q” “pimplies q” “if p, q” “ponlyif g” “pis sufficient for g”
“a sufficient condition for g is p” “qif p” “q whenever p” “
when p”  “gisnecessaryforp”  “anecessaryconditionforpisq” “q follows

from p” “g unless -p”

e.%. Let p be the statement “Maria learns discrete mathematics” and g the statement “Maria
will find a good job.” Express the statement p = g as a statement in English.

“If Maria learns discrete mathematics, then she will find a good job.” = “Maria will find a
good job when she learns discrete mathematics.” = “For Maria to get a good job, it is
sufficient for her to learn discrete mathematics.” = “Maria will finga good job unless she
does not learn discrete mathematics.”

p = q implication

q = p converse

-p = —q inverse

-q - —p contra positive

p—>q=-q>-p

p = q will be true if either p is false or q is true, p > q=-p V q




Modus
Ponens

p—>q

-p

Modus
Tollens

p—>q

~q

- P

p—>q

-(p—>q)

~q




Bi-conditional

Let p and g be propositions. The biconditional statement p <= q is the proposition “p if
and only q”.the biconditional statement p <= q is true when p and q have the same values,
and false otherwise. Biconditional statements are also called bi-implications.

“p is necessary and sufficient for g”
“if p then g, and conversely”
“piff q.”

p<>q=(p=>q)A(qg=>p)

11
M <4 T1 ©

T
T T

Q Find which of the following argument is valid?

- 7 m -+ ]

P29
E% :
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pVq : q
por
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Type of cases

Tautology/valid: - A propositional function which is always having truth in the last column, is
called tautology.E.g. pV-p

p| -p| pV-p
Fl T T
F T

Contradiction/ Unsatisfiable: - A propositional function which is always having false in the
last column, is called Contradiction. E.g. pA-=p

pP| -p| PA-p
Fl T F
F F

Contingency: - A propositional function which is neither a tautology nor a contradiction, is
called Contingency. E.g. pVgq

Pl a | pVg
F| F F
Fl T T
T| F T
T| T T

Satisfiable: - A propositional function which is not contradiction is satisfiable. i.e. it must
have at least one truth value in the final columne.g. pVvVg

Functionality Complete Set: - A set of connectives is said to be functionally complete if it is
able to write any propositional function.

{/\1 _'}
{VI _'}




Q consider the following argument

l1: if Canada is a country, then London is a city
I2: London is not a city

C: Canada is not a country

Q What is the converse of the following assertion? (GATE-2001) (1 Marks)

| stay only if you go.

(A) I stay if you go (B) If | stay then you go

(C) If you do not go then | do not stay (D) If | do not stay then you go
Answer: (A)

Q Consider the following logical inferences.

I1: If it rains then the cricket match will not be played.
The cricket match was played.

Inference: There was no rain.

I2: If it rains then the cricket match will not be played.
It did not rain.

Inference: The cricket match was played.

Which of the following is TRUE? (GATE-2012) (1 Marks)
(A) Both 11 and 12 are correct inferences

(B) 11 is correct but 12 is not a correct inference

(C) 11 is not correct but 12 is a correct inference

(D) Both 11 and 12 are not correct inferences

Answer: (B)

Q Consider the following statements:

P: Good mobile phones are not cheap
Q: Cheap mobile phones are not good

L: P implies Q
M: Q implies P
N: P is equivalent to Q

Which one of the following about L, M, and N is CORRECT? (GATE-2014) (1 Marks)
(A) Only L is TRUE. (B) Only M is TRUE.

(C) Only N is TRUE. (D) L, M and N are TRUE
Answer: (D)

Q Consider the following logical inferences: (NET-Aug-2016)

I1: If it is Sunday then school will not open. The school was open.
Inference: It was not Sunday.

I2: If it is Sunday then school will not open. It was not Sunday.




Inference: The school was open.

Which of the following is correct?

A) Both |1 and I; are correct inferences.

B) I1 is correct but |1 is not a correct inference.
C) l1is not correct but I is a correct inference.
D) Both |1 and |, are not correct inferences.
Ans. B

Q Consider the following two statements.

S1: If a candidate is known to be corrupt, then he will not be elected.

S2: If a candidate is kind, he will be elected.

Which one of the following statements follows from S1 and S2 as per sound inference rules
of logic? (GATE-2015) (1 Marks)

(A) If a person is known to be corrupt, he is kind

(B) If a person is not known to be corrupt, he is not kind

(C) If a person is kind, he is not known to be corrupt

(D) If a person is not kind, he is not known to be corrupt

Answer: (C)

Q Which of the following arguments are not valid? (NET-Dec-2015)

(a) “If Gora gets the job and works hard, then he will be promoted. If Gora gets promotion,
then he will be happy. He will not be happy, therefore, either he will not get the job or he will
not work hard”.

(b) “Either Puneet is not guilty or Pankaj is telling the truth. Pankaj is not telling the truth,
therefore, Puneet is not guilty”.

(c) If nis a real number such that n>1, then n2>1. Suppose that n2>1, then n>1.

Codes:

A) (a) and (c) B) (b) and (c) C) (a), (b) and (c) D) (a) and (b)

Ans. B

Q “If my computations are correct and | pay the electric bill, then | will run out of money. If |
don’t pay the electric bill, the power will be turned off. Therefore, if | don’t run out of money
and the power is still on, then my computations are incorrect.” Convert this argument into
logical notations using the variables c, b, r, p for propositions of computations, electric bills,
out of money and the power respectively. (Where - means NOT) (NET-June-2015)

A)if (cAb) > rand-b - p, then (-rAp) > -c

B)if (cvVb)—>rand-b—->-p,then(rAp)->c

C)if(cAb) > rand-p > b, then(-rVvp)—>-C

D) if (cVb) > rand-b - -p, then (-r A p) > -c

Ans. A

Q In Propositional Logic, given P and P - Q, we can infer . (NET-June-2015)




a)~ Q b) Q c)PAQ d)~PAQ
Ans. B

Q The proposition ~ p V g is equivalent to (NET-Dec-2011)

(A)p—>q (B)a->p (C)p<>q (D)pVvq
Ans: a

Q the Preposition (p = q) A (-q V p) is equivalent to: (NET-June-2006)
a)q ->p b)p = ¢ c)(a=>p)Vip->a) d) (p>a)V(qa->p)

Q Let P and Q be two propositions, = (P <> Q) is equivalent to: (NET-Jan-2017)

P& -Q m-p&Q (m-pP&-Q (Ivya->Pp
A) Only (1) and (II) B) Only (II) and (III)

C) Only (1) and (IV) D) None of the above

Ans. A

Q In propositional logic P ¢ Q is equivalent to (Where ~ denotes NOT) (NET-June-)

a)~(PvQ)A~(QVP) b) (*PVQ)A(~*QVP)
c)(PvQ)A(QVP) d)~(PvQ)->~(QVP)
Ans. B

Q the statement (-p) = (-q) is logically equivalent to which of the statement below? (GATE-
2017) (1 Marks)

1)p=q 2)g=p 3) (=a) V (p) 4) (-p) Vq
a) 1 only b) 1 and 4 only c) 2 only d) 2 and 3 only
Answer: (D)

Q The Boolean function [¥(~“p A g) A~(~p A ~q)] V (p A r)] is equal to the Boolean function:
(NET-Aug-2016)

a)q b)pAr c)pVvq d)p
Ans.D

Q The first order logic (FOL) statement ((R V Q) A (P V -Q)) is equivalent to which of the
following? (NET-Jan-2017)

A)((RV-Q)A(PV-Q)A(RVP)) B) (RVQ)A(PV-Q)A(RVP))
C)(RVQ)A(PV-Q)A(RV-P)) D) (RVQ)A(PV-Q)A(-RVP))

Ans. B




Q An example of a Tautology is: (NET-June-2008)
a)xVy b) xV -y c) XV -x

d) (x > y) Ay = x)

Q Which one of the following is NOT equivalent to p <> gq? (GATE-2015) (1 Marks)

a)(-pVva)A(pV-q)
c)(-pAa)V(pA-q)
Answer: (C)

b) (-pVa)A(q->p)
d)(-pA-q)V(pAQ)

Q P and Q are two propositions. Which of the following logical expressions are equivalent?

(GATE-2008) (2 Marks)

A)PV-Q B)-(-P A Q)
C)(PAQ)V(PA-Q)V(-PA-Q) D)(PAQ)V(PA-Q)V(-PAQ)
(A) Only land Il (B) Only 1, Il and 1lI

(C) Only I, Il and IV (D) All of I, 11, 1l and IV
Answer: (B)

Q Which one of the following Boolean expressions is NOT a tautology? (GATE-2014) (2
Marks)
A)(@=>b)A(b—>c))>(a—>c)
C)(aAbAc)—>(cVva)
Answer: (B)

B)(a—>c)>(~b—>(aAc))
D)a—> (b > a)

Q The proposition p A (~p V q) is: (GATE-1993) (1 Marks)

a) a tautology b) logically equivalentto p A g
c) logically equivalentto p V q d) a contradiction

e) none of the above

Answer: (B)

Q If the proposition -p = q is true, then the truth value of the proposition -p vV (p = q),
where - is negation, V is inclusive OR and - is implication, is (NET-dec-2005)

a) True b) Multiple Values c) False d) Cannot be determined
Ans: d

Q Consider the compound propositions given below as: (NET-Dec-2015)
(@pVv~(pAaq) (b) (pA~q) V~(pAQ) (chpA(gqVr)
Which of the above propositions are tautologies?
A) (a) and (c) B) (b) and (c)

Ans.D

C) (a) and (b) D) only (a)




Q Let p, g, and r be the propositions and the expression (p -> q) -> r be a contradiction. Then,
the expression (r -> p)-> q is (GATE-2017) (2 Marks)

(A) a tautology (B) a contradiction
(C) always TRUE when p is FALSE (D) always TRUE when q is TRUE
Answer: (D)

Q Let P, Q, R and S be Propositions. Assume that the equivalencesP & (QV-Q)and Q & R
hold. Then the truth value of the formula (P A Q) = ((P AR) vV S) is always: (NET-Jan-2017)

A) True B) False C) Same as truth table of Q D) Same as truth table of S
Ans. A

Q consider the following expression: (GATE-2016) (1 Marks)

i) false ii) Q iii) true iv)PVvQ v)-QVP

The number of expressions given above that are logically implied by PA(P= Q) is____
Answer: 4

Qletp, q, 1, s represents the following propositions. (GATE-2016) (1 Marks)

p:x €1{8,9, 10,11, 12}
g: X is a composite number
r: x is a perfect square
s: X is a prime number

The integer x>2 which satisfies =((p = q) A (-r V =s)) is
Answer: 11

Q In propositional logic if (P - Q) A (R = S) and (P V R) are two premises such that
(P>QA(R=>YS)
PVR

is the premise: (NET-Jan-2017)
A)P VR B)PVS C)QVR D)QVS
Ans.D

Q Indicate which of the following well-formed formulae are valid: (GATE-1990) (2 Marks)
a)[(P=Q)A(Q=R)]=(P=R) b) (P= Q)= (-P = -Q)
c)(PA(-PV-Q)=Q d)(P=R)V(Q=>R)=>((PVQ)=R)
Answer: (A)




Q Consider two well-formed formulas in propositional logic

F1:P=>-P F2:(P=-P) V (-P=P)

Which one of the following statements is correct? (GATE-2001) (1 Marks)

A) F1 is satisfiable, F2is valid B) F1 unsatisfiable, F is satisfiable
C) F1is unsatisfiable, F is valid D) F1 and F; are both satisfiable
Answer: (A)

Q Consider the following two well-formed formulas in prepositional logic.
Fi:P=>-P

F2: (P=>-P)V(-P=>P)

Which of the following statements is correct? (NET-Jan-2017)

A) F1 is Satisfiable, F2 is valid B) F1 is unsatisfiable, F2 is Satisfiable
C) F1 is unsatisfiable, F2 is valid D) F1 and F2 both are Satisfiable
Ans. A

Q The following propositional statement is (GATE-2004) (2 Marks)
(P=>(QvR))=>((PrQ) > R)

(A) satisfiable but not valid (B) valid
(C) a contradiction (D) none of the above
Answer: (A)

Q Let P, Q and R be three atomic prepositional assertions. Let X denote (PvQ) - Rand Y
denote (P = R) v (Q = R). Which one of the following is a tautology? (GATE-2005) (2 Marks)
(A)X=Y (B)X->Y (C)Y—>X (D)-Y—>X

Answer: (B)

Q Consider the following propositional statements: (GATE-2006) (2 Marks)
P.:((AAB)>C)=((A>C)A (B> Q)
P.:((AVB)>C)=((A>C)Vv(B—>CQ)

Which one of the following is true?

(A) P1is a tautology, but not P2 (B) P2 is a tautology, but not P1
(C) P1 and P2 are both tautologies (D) Both P1 and P2 are not tautologies
Answer: (D)

Q Let p, q, rand s be four primitive statements. Consider the following arguments:

P:[(=pVa)A(r=>s)A(pVr)]>(-s—>q) Q:[(-pAg)A[a>(p=>1)]]>-r
R:[[(qAr)->p]A(=qVp)]>r S:[pA(p>r)A(qV-r)]->q
Which of the above arguments are valid? (GATE-2004) (2 Marks)

a) Pand Qonly b) P and R only

c) Pand S only d)P,Q,RandS

Answer: (C)




Q Which of the following is/are a tautology? (GATE-1992) (1 Marks)

a)(avb)>(bAc) b)(aAb)—> (bVc)
c)(avb)=>(b->c) d)(a—>b)>(b—>c)
Answer: (B)

Q If the proposition =p = q is true, then the truth value of the proposition -p V (p = q),
where - is negation, V is inclusive OR and - is implication, is (GATE-1995) (2 Marks)

a) True b) Multiple Values b) False c¢) Cannot be determined
Answer: (D)

Q Which of the following is false? Read A as AND, V as OR, - as NOT, - as one-way
implication and ¢ as two-way implication (GATE-1996) (2 Marks)

a) ((x > y) Ax) 2y b) ((-x=> y) A(=x=>-y)) >x
c) (x> (xVy)) d) ((x V'y) & (-x>-y))
Answer: (D)

QlLet a, b, ¢, d be propositions. Assume that the equivalences a <> (b V -b) and b <= c hold.
Then the truth value of the formula (a A b) = (a A c) V d is always. (GATE-2003) (2 Marks)

(A) True (B) False
(C) Same as the truth value of b (D) Same as the truth value of d
Answer: (A)

Q The following resolution rule is used in logic programming:

Derive clause (P v Q) from clauses (P v R), (Qv - R)

Which of the following statements related to this rule is FALSE? (GATE-2003) (2 Marks)
(A) (PvR)A(Qv-R))(PvAQ)is logically valid

(B)(PvQ)=((PvR)~(Qv-R))is logically valid

(C) (P v Q) is satisfiable if and only if (P v R) A (Q v -~ R) is satisfiable

(D) (P v Q) = FALSE if and only if both P and Q are unsatisfiable

Answer: (B)

Q “If X, then Y unless Z” is represented by which of the following formulae in propositional
logic? (GATE-2002) (1 Marks)

(A) (X" =-2Z)>Y (B) (XAY)>-2Z
Q) X->(y"r-2) (D)(X>Y(*-2)
Answer: (A)

Q “If X, then Y unless Z” is represented by which of the following formulae in propositional
logic? (NET-Jan-2017)
A)(XAY)>=-Z B)(XA-2Z2)>Y




COX=>(YA-2) D)Y—> (XA-2)
Ans. B

Q Consider the statement, “Either —2 < x <—1o0or 1 £ x £2”. The negation of this statement is
(NET-July-2016)

A)x<—2or2<xor—1<x<1 B)x<—2o0r2<x
C)-1<x<1 D)x<—2or2<xor-1<x<1
Ans. A

Q The binary operation c is defined as follows

P Q POQ
T| T T
T F T
F T F
F F T

Which one of the following is equivalent to PvQ? (GATE-2009) (2 Marks)
a) (~QO~P) b) (PO~Q) c) (~POQ) d) (~PO~Q)

Answer: (B)

Q A logical binary relation (O, is defined as follows: (GATE-2006) (2 Marks)

Al B| AOB
T| T T
T| F T
Fl T F
Fl| F T

Let ~ be the unary negation (NOT) operator, with higher precedence then ©.
Which one of the following is equivalent to AAB?
a) (~AOB) b) ~(AO~B) c) ~(~AO~B) d) ~(~AOB)

Answer: (D)

Q Consider a proposition given as: (NET-June-2015)

“x 2 6, if x> 25 and its proof as: If x > 6, then x> = x.x 2 6.6 =36 > 25

Which of the following is correct w.r.to the given proposition and its proof?
(a) The proof shows the converse of what is to be proved.

(b) The proof starts by assuming what is to be shown.

(c) The proof is correct and there is nothing wrong.

(A) (a) only (B) (c) only (€) (a) and (b) (D) (b) only
Ans. C

Q find which of the following arguments are valid?
((pVa)V-p)=T




~(pVa)V(-pAQq)Vp=T
(Pp>a)€&>(-a->-p)Ar=r

(PV-(pPAQ))=T

(PAQ)A(-pV-q)=F

(P A(-qAT)V(QAT)V(pAT)=r
(PVAA-(-pA(-qV=-r)V(-pA-q)V(-pA-1)=T
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First order Predicate Logic

Statement involving variables

‘x>3

these statements is neither true nor false when the value of the variable is not specified. In
first order predicate logic we will see the ways that proposition can be produced from such
statements.

This statement has two parts first part variable x, which is the subject of the statements.

The second part predicate >3, refers to the property that the subject of the statement can
have.

First-order logic is symbolized reasoning in which each sentence, or statement, is broken
down into a subject and a predicate.

We can denote the statement x is greater than 3 by P(x), where P denotes the predicates.
“>3” and x is the variable. The statement P(x) is also said to be the value of the propositional
function P at x. once a value has been assigned to the variable, the statement p(x) becomes a
proposition and has a truth value.

In general, a statement involving then n variable x1, X2, X3.... xn can be denoted by P (x1, X2,
X3..er, Xn)

A statement of the form P (x1, X2, Xs...., Xn) is the value of the propositional function p at the
n-tuple (x1, X2, Xs..., Xa) and p is also called a predicate.

When all the variables in a propositional function are assigned values, the resulting
statements becomes a proposition with a certain truth value or false value. However, there is
another important way called quantification, to create a proposition from a propositional
function. The area of logic that deals with predicates and quantifiers is called the predicate
calculus.




Universal quantifiers: - the universal quantification of a propositional function is the
proposition that asserts that P(x) is true for all values of x in the universe of discourse. The
universe of discourse specifies the possible value of x.

Vx P(x), i.e. for all value of a P(x) is true

Existential quantifiers: - with existential quantifier of a propositional that is true if and only if
P(x) is true for at least one value of x in the universe of discourse. There exists an element a x
is the universe of discourse such that P(x) is true.

3, P(x), i.e. for at least one value of a P(x) is true

Negation

= [Vx P(x)] = 3x=P(x)

- [3x P(x)] = Vx =P(x)

Propositional function = predicate

In logic and mathematics second-order logic is an extension of first-order logic, which itself is
an extension of propositional logic. Second-order logic is in turn extended by higher-order
logic and type theory.




Universal specification: - is used to conclude P(c) is true, where c is a particular member of
universe of discourse, given the premise V P(x).

i.e. if Vx P(x) then P(c) is true. Where c is nay element in the universe of discourse.

Universal generalization: - is the rule of inference that states that Vy P(x) is true given the
premise that P(c) is true for all element c in the universe of discourse. If P(c) is true for any
element c in the universe of discourse then V P(x)

Existential specification: - is the rule that allows us to conclude that there is an element c. in
the universe of discourse for which P(c) is true if we know that 3« P(x) is true. We cannot
select an arbitrary value of c here but rather it must be a ¢ from which P(c) is true. i.e. if 3
P(x) then for an element a in the universe of discourse. P(a)

Existential generalization: - is the rule of inference that is used to conclude that 3« P(x) is
true when a particular element c with P(c) true is known. i.e. if we know one element c in the
universe of discourse for which P(c) is true, then we know that 3« P(x) is true.




GATE Practice question (Quantifier)

Q Negation of the proposition 3 H(x) (NET-Jan-2017)
(A) 3x =H(x) (B) Vx =H(x) (C) Vx H(x) (D) -x H(x)
Ans. B

Q Consider the following well-formed formulae:

1) -Vx(P(x)) 2) -3x(P(x)) 3) ~3x(=P(x)) 4) 3x(=P(x))
Which of the above are equivalent? (GATE-2009) (2 Marks)

a)land lll b) land IV c)lland Il d) Il and IV
Answer: (B)

Q Which one of the following is NOT logically equivalent to -3x(Vy(a) A Vz(B))? (GATE-2013)
(2 Marks)

a) Vx(3(-B) = Vy(a)) b) Vx(V:(B) = 3y(-a))

c) Vu(Vy(a) = Fo(-B)) d) Vx(3y(-a) = F(-B))

Answer: (A & D)

Q Let a(x, y), b(x, y,) and c(x, y) be three statements with variables x and y chosen from some
universe. Consider the following statement: (GATE-2004) (2 Marks)

(Ix)(Vy) [(alx, y) A b(x, y)) A =c(x, y)]
Which one of the following is its equivalent?

a) (Vx)(y) [(alx, y) V b(x, y)) = c(x, y)] b) (3x)(Vy)[(a(x, y) V b(x, y)) A —c(x, y)]
c) ~(vx)(3y)l(alx, y) A b(x, y)) > c(x, y)] d) ~(vx)(3y)[(a(x, y) V b(x, y))>c(x, y)]
Answer: (C)

Q Which one of the following well-formed formulae is a tautology? (GATE-2015) (2 Marks)
a) V3, R(x, y) €< 3,VxR(x, y)

b) (Vx[3yR(x, y) = S(x, y)]) = Vx3yS(x, y)

c) [Vx3y(P(x, y) = R(x, y))] <> [Vx3y(=P(x, y) V R(x, y))]

d) V.V, P(x, y) > VxV,Ply, x)

Answer: (c)

Q Which one of the following well-formed formulae in predicate calculus is NOT valid?
a) (Vxp(x) = Vxq(x)) = (Ix—=p(x) V Vxa(x))

b) (3xp(x) V Ixq(x)) = Ixp(x) V q(x))

c) 3x(p(x) A a(x)) = (Ixp(x) A Ixa(x))

d) Vx(p(x) V a(x)) = (Vxp(x) V Vxq(x)) (GATE-2016) (2 Marks)

Answer: (D)




Q Which of the following predicate calculus statements is/are valid? (GATE-1992) (1 Marks)
a) (V(x))P(x) v (V(x))Q(x) = (V(x))(P(x)vQ(x))

b) (3(x))P(x) A (F(x))Q(x) = (3(x))(P(x) A Q(x))

c) (V(x))(P(x) v Q(x)) = (V(x))P(x) V (¥(x))Q(x)

d) (3(x))(P(x) V Q(x))=~(V(x))P(x) V (3(x))Q(x)

Answer: (A)

Q Let P(x) and Q(x) be arbitrary predicates. Which of the following statements is always
TRUE? (GATE-2005) (2 Marks)

(A) ((Vx(P(x) v Q(x)))) = ((¥xP(x)) V (VxQ(x)))

(B) (Vx(P(x) = Q(x))) = ((VxP(x)) = (¥xQ(x)))

(€) (Vx(P(x)) = V¥x(Q(x))) = (Vx(P(x) = Q(x)))

(D) (Vx(P(x)) & (vx(Q(x)))) = (Vx(P(x) = Q(x)))

Answer: (B)

Q Which one of these first-order logic formulae is valid? (GATE-2007) (2 Marks)
(A) Vx(P(x) => Q(x)) => (VxP(x) => ¥xQ(x))

(B) Ix(P(x) V Q(x)) => (IxP(x) => IxQ(x))

(C) 3x(P(x) A Q(x)) (IxP(x) A IxQ(x))

(D) Vx3ay P(x, y) => 3yVx P(x, y)

Answer: (A)

Q Which of the following is a valid first order formula? (Here a and B are first order formulae
with x as their only free variable) (GATE-2003) (2 Marks)

a) {(vx)[a] = (vx)[B]} = {(Vx)[a = B]}

b) (Vx)[a]=(3x)[aAB]

b) {(vx)[a V BI} = {(Ix)[a]) = (Vx)[a]}

c) (vx)[a = B] = (((Vx)[a]) = (Vx)[B])

Answer: (D)

Q Consider the first-order logic sentence
F: Vx (3y R (x, y)). Assuming non-empty logical domains, which of the sentences below are
implied by F? (GATE-2017) (1 Marks)

. 3y (I«R (x, ) 1.3y (VxR (x,y)) HLVy(3R(x,y) IV.~3x(Vy~R(x,Y))
(A) IV only (B) I and IV only (C) ll only (D) Il and 11l only
Answer: (B)

Q Let P(m, n) be the statement “m divides n” where the universe of discourse for both the
variables is the set of positive integers. Determine the truth values of each of the following
propositions: (NET-Dec-2013)

I. Vin Vi P(m, n), Il. 3 Vn P(M, n)




(A) Both I and Il are true (B) Both | and Il are false
(C) | —false & Il — true (D) | —true & Il —false
ANS: C

QLet Q (x, y) denote “x + y = 0” and let there be two quantifications given as

(i) 3,v«Qlx, y)

(ii) vx3,Q(x, y)

Where, x and y are real numbers. Then which of the following is valid? (NET-Dec-2012)

(a) l'is true and Il is false (b) I is false and Il is true
(c) l'is false and Il is also false (d) both | and Il are true
ANS: B

Q Let P(m, n) be the statement “m divides n” where the Universe of discourse for both the
variables is the set of positive integers. Determine the truth values of the following
propositions. (NET-Dec-2015)

(a)3m Vn P(m, n) (b)Vn P(1, n) (c) Vm Vn P(m, n)
Codes:

A) (a) - True; (b) - True; (c) — False B) (a) - True; (b) - False; (c) — False
C) (a) - False; (b) - False; (c) — False D) (a) - True; (b) - True; (c) — True
Ans. A

Q What is the logical translation of the following

lowing statement? (GATE-2013) (2 Marks)

"None of my friends are perfect."

A) 3x(F(x) A =P(x)) B) 3«(=F(x) A P(x))
C) 3x(=F(x) A =P(x)) D) -3x(F(x) A P(x))
Answer: (D)

Q Consider the statement

"Not all that glitters is gold”

Predicate glitters(x) is true if x glitters and predicate gold(x) is true if x is gold. Which one of
the following logical formulae represents the above statement? (GATE-2014) (1 Marks)

a) V«: glitters(x) = -gold(x)

b) V.: gold(x) = glitters(x)

c) 3x: gold(x) A —glitters(x)

d) 3. glitters(x) A —gold(x)

Answer: (D)

Q The CORRECT formula for the sentence, “not all rainy days are cold” is (GATE-2014) (2
Marks)




a) V4 (Rainy(d) A ~Cold(d)) b) V4(~Rainy(d) - Cold(d))
c) 34 (~Rainy(d) = Cold(d)) d) 34 (Rainy(d) A ~Cold(d)
Answer: (D)

Q Let Graph(x) be a predicate which denotes that x is a graph. Let Connected(x)be a
predicate which denotes that x is connected. Which of the following first order logic
sentences DOES NOT represent the statement: “Not every graph is connected”? (GATE-2007)
(2 Marks)

(A) -V« (Graph(x) = Connected(x)) (B) 3« (Graph(x) A ~Connected(x))
(C) =V« (-Graph(x) vV Connected(x)) (D) V« (Graph(x) = —-Connected(x))
Answer: (D)

Q Which one of the following is the most appropriate logical formula to represent the
statement? “Gold and silver ornaments are precious”. The following notations are used:
G(x): x is a gold ornament

S(x): x is a silver ornament

P(x): x is precious (GATE-2009) (2 Marks)

(A) Vx (P(x) = (G(x) A S(x))) (B) ¥« ((G(x) A S(x)) = P(x))
(€) 3 ((G(x) A S(x)) = P(x) (D) Vi ((G(x) Vv S(x)) = P(x))
Answer: (D)

Q Suppose the predicate F (x, y, t) is used to represent the statement that person x can fool
person y at time t. which one of the statements below expresses best the meaning of the
formula V3, 3: (-F (x, v, t))? (GATE-2010) (2 Marks)

(A) Everyone can fool some person at some time

(B) No one can fool everyone all the time

(C) Everyone cannot fool some person all the time

(D) No one can fool some person at some time

Answer: (B)

Q What is the correct translation of the following statement into mathematical logic?

“Some real numbers are rational” (GATE-2012) (1 Marks)

a) 34 (real(x) V rational(x)) b) V«(real(x) = rational(x))
c) 3x (real(x) A rational(x)) d) 3« (rational(x) = real(x))
Answer: (C)

Q What is the first order predicate calculus statement equivalent to the following?

Every teacher is liked by some student (GATE-2005) (2 Marks)




(A) V(x [teacher (x) & Fy[student (y) = likes (y, x)]1]
(B) Vv [teacher (x) = J(y[student (y) * likes (y, x)]]

(C) 3\y) Vv [teacher (x) = [student (y) * likes (y, x)]]
(D) V(x [teacher (x) A T(y)[student (y) = likes (y, x)]]

Answer: (B)

Q Identify the correct translation into logical notation of the following assertion.
Some boys in the class are taller than all the girls

Note: taller (x, y) is true if x is taller than y. (GATE-2004) (1 Marks)
(A) (3x) (boy(x) = ( 3y) (girl(y) ~ taller (x, y)))

(B) ( 3x) (boy(x) ~ (V) (girl(y)  taller (x, y)))

(C) (3x) (boy(x) = (Vy) (girl(y) - taller (x, y)))

(D) (3x) (boy(x) = (V) (girl(y) ~ taller (x, y)))
Answer: (D)

Q Let fsa and pda be two predicates such that fsa(x) means x is a finite state automaton, and
pda(y) means that y is a pushdown automaton. Let equivalent be another predicate such that
equivalent (a, b) means a and b are equivalent. Which of the following first order logic
statements represents the following. Each finite state automaton has an equivalent
pushdown automaton. (GATE-2008) (1 Marks)

a) (Vx fsa(x)) = (Iy pda(y) A equivalent(x, y))

b) -V,(3x fsa(x) = pda(y) A equivalent(x, y))

¢) V.3, (fsa(x) A pda(y) A equivalent(x, y))

d) V.3,(fsa(y) A pda(x) A equivalent(x, y))

Answer: (A)

Q Which one of the first order predicate calculus statements given below correctly express
the following English statement? (GATE-2006) (2 Marks)

“Tigers and lions attack if they are hungry or threatened”

a) Vi[(tiger(x) A lion(x)) = (hungry(x) V threatened(x)) - attacks(x)]
b) V«[(tiger(x) V lion(x)) = (hungry(x) V threatened(x)) A attacks(x)]
c) Vx[(tiger(x) V lion(x)) = attacks(x) = (hungry(x) V threatened(x))]
d) V«[(tiger(x) V lion(x)) = (hungry(x) V threatened(x)) - attacks(x)]

Q The truth value of the statements : 31P(x) - 3xP(x) and 3™ P(x) & ~VxP(x), (where the
notation 3!4P(x) denotes the proposition “There exists a unique x such that P(x) is true”) are :
(NET-Dec-2013)

(A) True and False (B) False and True

(C) False and False (D) True and True




Q The notation 3!P(x) denotes the proposition “there exists a unique x such that P(x) is
true”. Give the truth values of the following statements: (NET-June-2014)

I. 31P(x) = IxP(x) Il. 31 = P(x) > =VxP(x)
(A) Both | & Il are true. (B) Both | & Il are false.
(C) I —false, Il — true (D) | —true, Il —false

Q Which one of the following options is CORRECT given three positive integers x, y and z, and
a predicate? (GATE-2011) (2 Marks)

P(x) = =(x=1) AVy(3:(x=y*z) =(y=x) V(y=1))

(A) P(x) being true means that x is a prime number

(B) P(x) being true means that x is a number other than 1

(C) P(x) is always true irrespective of the value of x

(D) P(x) being true means that x has exactly two factors other than 1 and x

Answer: (A)




Group Theory

e Group theory is very important mathematical tool which is used in a number of areas
in research and application. Using group theory, we can estimate the strength of a
set with respect to an operator.

e This idea will further help us in research field to identify the correct mathematical
system to work in a particular research area. E.g. can we use natural in complex
problem area like soft computing or studying black holes.

e now we will directly study some of the basic set related properties and will define
some structure based on the properties and will check those properties on basics
number systems like natural numbers, integers, real numbers etc.




Closure property: - consider a non-empty set A and a binary operation * on A. A is said to
be closed with respect to *, if V a, b € A, then a*b € A.

Algebraic Structure: - A non-empty set A is said to be an algebraic structure with respect to
a binary operation *, if A satisfy closure property with respect to *.




Associative property: - Consider a non-empty set A and a binary operation * on A. A is said
to be associative with respect to *,if V a, b, c € A, then (a*b) *c = a*(b*c)

Semi-Group: - A non-empty set A is said to be a Semi-group with respect to a binary
operation *, if A satisfy closure, Associative property with respect to *.




Identity property: - Consider a non-empty set A and a binary operation * on A. Ais said to
satisfy identity property with respect to *, if V a € A, there must be unique e € A, such that
a*e=e*a=a

e If there exist an identity element in a set with respect to *, it will be exactly one.

Monoid: - A non-empty set A is said to be a Monoid with respect to a binary operation *, if
A satisfy closure, Associative, identity property with respect to *.




Inverse property: - Consider a non-empty set A and a binary operation * on A. A is said to

satisfy inverse property with respect to *, if V a € A, there must be unique element a® € A,

such that
a*al=al*a=e

Every element has a unique inverse, and no two elements will have the same inverse
Identity element is its own inverse.

Group: - A non-empty set A is said to be a group with respect to a binary operation *, if A
satisfy closure, Associative, identity, inverse property with respect to *.

Identity element is always the inverse of itself

If the total number of elements in a group is even then there exists at least one
element in the group who is the inverse of itself

Some time it is also possible that every elemént is inverse of itself in.a group
Inagroup (a*b)t=bl*alforva beA

Cancelation law holds good

a*b=a*c 2 b=c

a*c=b*c 2 a=b




Commutative property: - Consider a non-empty set A and a binary operation * on A. Ais
said to satisfy commutative property with respect to *, if V a, b € A, such that

a* b =Db*a

Abelian Group: - A non-empty set A is said to be a group with respect to a binary operation
*, if A satisfy closure, Associative, identity, inverse, commutative property with respect to *.

Q Some group (G,0) is known to be abelian. Then, which one of the following is true for G?
(GATE-1994) (2 Marks)

A)g=g-1foreveryg€G B) g=g2 for every g €G
B) (goh)2=g20oh2 foreveryg, h€ G D) G is offinite order
Answer: (c)

Q Which of the following properties a Group G must holdjin order to be,an Abelian group?
(a)The distributive property

(b)The commutative property

(c)The symmetric property

a) (a) and (b) b) (b) and (c)
c) (a) and (b) d) (a), (b) and (c)
Ans. D

Q Consider the set H of all 3 x 3 matrices of the type

a“f e
0 b d
0 0 ¢

where a, b, ¢, d, e and f are real numbers and abc # 0. Under the matrix multiplication
operation, the set H is (GATE=2005) (2 Marks)

(A) a group (B) a monoid but not a group
(C) a semigroup but not a monoid (D) neither a group nor a semigroup
Answer: (A)

Q Let A be the set of all non-singular matrices over real number and let * be the matrix
multiplication operation. Then (GATE-1994) (2 Marks)

a) A'is closed under * but (A,*) is not a semigroup.

b) (A,*) is a semigroup but not a monoid.

c) (A,*) is a monoid but not a group.

d) (A,*) is a a group but not an abelian group.

Answer: (d)




Q Which of the following statements is FALSE? (GATE-1996) (1 Marks)

a) The set of rational numbers is an abelian group under addition

b) The set of integers in an abelian group under addition

c) The set of rational numbers form an abelian group under multiplication

d) The set of real numbers excluding zero is an abelian group under multiplication

N

N




Algebraic Semi-Group Monoid Group Abelian
Structure Group

Q Which one of the following in NOT necessarily a property of a Group? (GATE-2009) (2
Marks)

(A) Commutativity (B) Associativity

(C) Existence of inverse forevery element (D) Existence of identity

Answer: (A)

(N, +)
(N, -)
(N, /)
(N, *)
(Z, +)
(,-)
(,/)
(Z,*)
(R, +)
(R, -)
(R,/)
(R, *)
(M, +)
(M, )
(E, +)
(E, *)
(O, +)
(O, *)
(z*,/)
(R*, /)
(M7, *)

g
:

QletA={1, 3, 5. ,>°}and B=1{2,4,6, ... , >}, what is the highest structure achieved
by each of them?
1) (A,4) 2) (A%) 3) (B,+) 4) (B,*)

Q Consider a set of natural numbers N, with respect to *, such that a * b = a® which of the
following is true?
a) semi group but not monoid b) A monoid but not a group




c) Agroup d) not a semi group
Ans:d

Q The binary operator # is defined by the following truth table (GATE-2015) (1 Marks)

p|q|Pl=q
0|0 0
0|1 1
1|0 1
11 0
Which one of the following is true about the binary operator #?
(A) Both commutative and associative (B) Commutative but not associative
(C) Not commutative but associative (D) Neither commutative nor associative

Answer: (A)

Q Which of the following is true? (GATE-2002) (2 Marks)

(A) The set of all rational negative numbers forms a group under multiplication.
(B) The set of all non-singular matrices forms a group under multiplication.

(C) The set of all matrices forms a group under multiplication.

(D) Both (2) and (3) are true.

Answer: (B)

Q A binary operation a on a set of integers is defined as x ay = x* + y2. Which one of the
following statements is TRUE about a? (GATE-2013) (1 Marks)

(A) Commutative but not associative (B) Both commutative and associative
(C) Associative but not commutative (D) Neither commutative nor associative
Answer: (A)

Qlet{p, g, 1, s} be the set. A binary operation * is defined on the set and is given by the
following table:

*

plajr|s
Plp|r|s|p
alplalr]s
riplajp|r
S|iplalalq

Which of the following is true about the binary operation?
a) it is commutative but not associative




b) it is associative but not commutative

c) it is both associative and commutative
d) it is neither associative nor commutative
Ans: d

Q Consider a set of integers Z, with respect to *, such that a * b = max (a, b) which of the
following is true?

a) Algebraic structure b) semi-group
c) Monoid d) group
Ans: b

®

b

Q Consider a set of integers Z, with respect to *, such that a * .= mi ich of the
following is true?
a) Algebraic structure b)
c) Monoid

Ans: b

i-grou

Q which of the following is no
a){.....-6,-4,-2,0,2,4,6,
c){2", n e N}, *
Ans: d

-k, 0, k, 2k, 3k, ....}, + [k € Z]
omplex number, *

Q Consider the set of aliintege with the operation defined as
m*n=m+n+ €Z
if (z, *) forms a group, then determine the left identity element

a)o b) -1 c)-2 d) 2
Ans: c

Q Consider a se positive rational number with respect to an operation *, such that a*b =
(a.b)/3, it is known that the it is an abelian group, which of the following is not true?

a) identity elemente =3 b) inverse of a =9/a
c)inverseof 2/3=6 d) inverse of 3 =3
Ans: c

Q Consider the set Y * of all strings over the alphabet 5 = {0, 1}. >* with the concatenation
operator for strings (GATE-2003) (1 Marks)
(A) does not form a group




(B) forms a non-commutative group

(C) does not have a right identity element

(D) forms a group if the empty string is removed from >*
Answer: (A)

Q Consider the set {a, b, c} with binary operators + and x defined as follows:

+ |a |b |c x |a |b |c
a |b |a |c a |a |b |c
b |a b |c b |b _|c a
c |a |c |b c |c |c b

For example,a+c=c,c+a=a,cxb=candb xc=a. Giventhe following set of equations:
(axx)+(axy)=c

(bxx)+(cxy)=c

The number of solution(s) (i.e.,.pair(s) (x, y))that satisfy the equations is : (GATE-2003) (2
Marks)

(A)O (B) 1 (C) 2 (D) 3

Answer: (C)




Finite Group: - A group with finite number of elements is called a finite group

Order of group: - order of a group is denoted by O(G) = no of elements in G

e Group with a single element must be an identity element

Addition modulo: - addition modulo is a binary operator denoted by +m -such that

atmb=a+b if (@a+b<m)
a+mb=a+b-m if (a+b>=m)

Multiplication modulo: - Multiplication modulo is a binary operator denoted by *m -such
that

a*mb=a™b if(@a*b<m)

a*mnb=(a*b)%m if (@*b>=m)




o {1,2,3,4}, +5

o {1,2,3,4}, *5

e {0,1,2,3,4,5,6}, +7

e {0,1,2,3,4,5,6}, *;

e {1,2,3,4,5,6}, +;

e {1,2,3,4,5,6}, *;

L4 {1,3,5,7}, *8

o {1,2,4,7,8,11,13,14}, *15
o {1,2,3,4.... , p-1}, *p

e {0,1,2,3,4.....,p-1}, %
o {1,2,3,4.....,p-1}, +p

e {0,1,2,3,4......, p-1}, +o

Q{0,1,2,3,4,5}, +sis a group which of the following is not
a)1l=5 b)21=4 31=6

ans: c ®

Q{1,2,3,4,5,6}, *7is a group whi r
a)lt=1 b)21=4 ' d6l=6
Ans:d

Q{1,3,5,7}, *s isagr wing is not true?

a)ltl=1 c)51=5 d)71=7
Ans:

Q{1,2,4,7,8, is a group which of the following is not true?
a)21=8 b)41=4 c)71=13 d)11t=14

QTheset {1, 2, 3,5, 7, 8, 9} under multiplication modulo 10 is not a group. Given below are

four plausible reasons. Which one of them is false? (GATE-2006) (1 Marks)
(A) It is not closed (B) 2 does not have an inverse
(C) 3 does not have an inverse (D) 8 does not have an inverse
Answer: (C)




QTheset {1, 2,4,7,8,11, 13, 14} is a group under multiplication modulo 15. The inverses
of 4 and 7 are respectively (GATE-2005) (2 Marks)

(A)3and 13 (B) 2and 11 (C)4and 13 (D) 8 and 14

Answer: (C)

Q The following is the incomplete operation table a 4-element group. (GATE-2004) (2
Marks)

*lelalblc ‘
elalblc
albicle

(D) b:

b) it does not form a group
d) it is an abelian group

O|m|[>m

The last row of the table is
(A)caeb (B)cbae (C) c
Answer: (D)

Q Consider the binary operati
a®@b=a+b if (@ + )
a®@b=a+b-m if (@a+b>=

a) it is closed
c) it forms a group but not an lian gro
Ans: d Q




Sub Group

e The subset of a group may or may not be a group

e When the subset of a group is also a group then it is called sub group

e Union of two subgroup may or may not be a subgroup

e |Intersection of two subgroup is always a subgroup

e Lagrange’s theorem - the order of a group is always exactly divisible by the order
of a sub group

e theidentity element of a group and its sub group is always same

Q consider a group G ={1,3,5, 7}, *s which of the following sub set'of thisset does not form
is sub group?

a) {0,1} b) {1,3} c){1,5} d) {3,7}

Ans: a

Q G = {1131517}1 *8
then G = {1,3}, *s G ={1,5}, *s

Q Let G be a group with 15 elements. Let L be a subgroup of G. It is known that L =G and

that the size of L is at least 4. The size of Liis . (GATE-2014) (1 Marks)
(A) 3 (B) 5 (C)7 (D)9
Answer: (B)

Q let (AL*) be afgrFoUpOf Pfllme ordet, how many proper-subgroups are possible for A?
a)0 b)¥ c) P9 d)P

Q Let G be a finite group on 84 elements. The size of a largest possible proper subgroup of
Gis . (GATE-2014) (1 Marks)
Answer: (42)




Order of an element: - (A, *) be a group, then V a € A, order of a is denoted by O(a)

O(a) = smallest positive Let integer n, such thata"=e

e order of identity element is always one
e order of an element and its inverse is always same
e order of an element in an infinite group does not exist or infinite expect identity

Generating element or Generator: - A element ‘@’ is said to be a generating element, if
every element of A is an integral power of g, i.e. every element of A can be represented
using power of a.

A ={al, a% a3 a% a°....}

Cyclic group: - A group (A, *) is said to be a cyclic group if it contains at least one generator.

e Inacyclic group if an element is a generator than its inverse will also be a generator
e The order of a cyclic group is always the order of the generating element of G

Q For the compositiontable ofia cyclie.group shown below

*abcd
alalb|c|d
blbla|d|c
c|lc|d|b|A
did|ic|al|b

Which one of the following choices is correct? (GATE-2009) (2 Marks)

(A) a, b are generators (B) b, c are generators
(C) c, d are generators (D) d, a are generators
Answer: (C)

Number of generators




Lagrange’s theorem: - let A be a cyclic group of order n, number of Generator in A is
denoted by ¢(n) = {n(p1-1) (p2-1) (p3-1) .ccoeveee. (P-1)} / (P1P2P3- e ve k)

Q let G be a cyclic group, O(G) = 8, number of generators in G =?
Q let G be a cyclic group, O(G) = 12, number of generators in G =?
Q let G be a cyclic group, O(G) = 70, number of generators in G =?

Q let G be a cyclic group, O(G) = 23100, number of generators in G =?

Q prove the following statement? ‘
a) In a group (G, *) if a*a = a, then proof that a = e, where e is idefity el@ment o
a*a=a

a*a=a%*e
a=e

b) Inagroupif X’ =xfor Va € GingG, then G is an abelian group.
(a*b)—l =plx*gy?

a*b=b*a ‘
as we know according to questiona=a"a
(a*b)-l =pl*gl

c) Inagroup (G, *), if (a*b)>=a%* b
(a*b) * (a*b) = (a*a) * (b*b)

After applying both left and ri
(a*b) = (b*a)

e th@t G is an abelian group

Q (D a, b) v, ,€ D12 then (D1, *) is
a)a b) a monoid but not a group
c)agr d) not a semi group

Q Let s = set of all integers. A binary operation * is defined by
a*b=a+b+3

consider the following statements

S1:(S,*) is a group

S2: -3 is identity element of (S, *)

S3:theinverse of -6is 0

which of the following are true
a) Only S1 and S2 b) Only S2 and S3




c) Only S1 and S3 d) Only S1,S2 and S3
Ans: d

Q There are two elements x, y in a group (G, *) such that every element in the group can be
written as a product of some number of x’s and y’s in some order. It is known that
X*X=Yy*xy=X*y*xX*y=y*Xx*yx*X=ewhere eis the identity element. The maximum
number of elements in such a group is . (GATE-2014) (2 Marks)

Answer: 4

X *x=e, xis its own inverse

y *y=e,yisits own inverse

(x*y) * (x*y) = e, x*y is its own inverse

(y*x) * (y*x) = e, y*x is its own inverse

also x*x*e = e*e can be rewritten as follows
x*y*y*x = e*y*y*e =g, (Sincey *y =¢)

(x*y) * (y*x) = e shows that (x *y) and (y *x)

are each other’s inverse and we already know that
(x*y) and (y*x) are inverse of its own.

As per (G,*) to be group any element should have
only one inverse element (unique)

This implies x*y = y*x (is one element)

So the elements of such group are 4 which are

{x, vy, e, x*y}.




Graph Theory

e Agraph G (V, E) consist of a set off objects V = {V1, V3, Vs....,Vn} called vertices and
another set E = {E1, E, E3,....,En} whose elements are called edges.

e Each edge e is identified with an unordered pair (v;, v;) of vertices.

e The vertices vj, vj associated with edge ek are called the end vertices of ex.

e Self-Loop: Edge having the same vertex (vi, vi) as both its end vertices is called self-loop.

e Parallel Edge: When more than one edge associated with a given pair of vertices such
edges are referred as parallel edges.

e Adjacent Vertices: If two vertices are joined by the same edges, they are called adjacent

vertices.

e Adjacent Vertices: If two edges are incident on some vertex, they are called adjacent

edges.

Simple Graph No No
Multi Graph No Yes
Pseudo Graph Yes No
Graph Yes Yes

e Multi-Graph: A graph G with parallel Edges but no loops is called a Multi-Graph.
e Pseudo Graph: A graph G with self-loop but no parallel edges is called pseudo-Graph.

e Here will be studying undirected and non-weighted simple graph.




Finite Graph

e Finite graph: - A graph with finite number of vertices as well as the finite number of
edges is called a finite graph.

e For simple graph we can say if the number of vertices are finite then number of edges
will also be finite.

e Null Graph: A graph is said to be null if edge set is empty E = {}, that is a graph with only
vertices but no edges.

e Trivial Graph: A graph with only one vertex without an edge is called trivial graph. It is
the smallest possible.

e Complete or Full Graph or universal graph: In a simple graph there exist an edge
between each and every pair of vertices i.e. every vertex are adjacent to each other,
then the graph is said to be a complete graph, denoted by K.

o A simple graph with maximum number of edges are called Complete Graph.
o Number of edges in a simple graph is n(n-1)/2




Q The number of edges in a complete graph withi\ verti¢es is equal to: (NET-DEC-2006) (NET-
DEC-2007)

a)N(N-1) b) [N(N-1)]/2 c) N? d) 2N-1

Answer: (A)

Q The number of edgesy.in<a, complete graph of n vertices is (NET-DEC-2009)
(A) n (B) n(n.1)/2 (C)n(n+1)/2 (D) n?/2

Q Thg complete'graphfwith fotgwertices has k edges where k is: (NET-JUNE-2009)
a)3 b) 4 c)5 d)6
Answer: (d)

Q Maximum number of edges in a n node undirected graph without self-loops is (GATE-2002)
(1 Marks) (NET-DEC-2011)

(A) n? (B) n(n—1)/2 (C)n-1 (D) (n+1) (n)/2

Answer: (B)

Q Number of simple graph possible with n vertices?




Q Number of simple graph possible with n vertices and e edges?

Q The number of distinct simple graphs with up to three nodes is (GATE-1994) (1 Marks)
a) 15 b) 10 c)7 d)9
Answer: (C)

Q How many undirected graphs (not necessarily connected) can.be constructed,out of a given
set V ={vy, vy, ... vo} Of n vertices? (GATE-2001) (2 Marks)

(A) n(n-1)/2 (B) 2n (C) n! (D) 2012

Answer: (D)

Q A simple Graph with ‘n’ vertices and ‘k’ components can have at most (n-k) (n—k+1)/2
edges?

Ans: The maximum number of edges is clearly achieved when all the components are
complete. Moreover, the maximum number of edges is achieved when all of the components
except one have one vertex.

so if there are k components one component will have n — (k - 1) vertices all the other
components k -1 will have one vertex. So, if a graph has n vertex can have maximum n(n-1)/2
edges, then graph with n — (k - 1) edges will have maximum (n - k) (h—k + 1)/2 edge.

Q Let G be a complete'undirected,graph on 6 vertices. If vertices of G are labeled, then the
number of distinet€ycles ofilength™4in G is equal to (GATE-2012) (2 Marks)

(A) 15 (B) 30 (C) 90 (D) 360

Answer: (C)

Q The maximum ndmber of edges in a bipartite graph on 12 vertices is
. (GATE-2014) (1 Marks)

Answer: (36)

Q Consider an undirected graph G where self-loops are not allowed. The vertex set of G is {(i,
j):1<=i<=12,1<=j<=12}. Thereis an edge between (a, b) and (¢, d) if |]a-c| <=1and |b -




d| <= 1. (GATE-2014) (2 Marks) (NET-AUG-2016)
The number of edges in this graph is
Answer: (506)

Q Consider an undirected random graph of eight vertices. The probability/that there is an edge
between a pair of vertices is 1/2. What is the expected number of unordered cycles,of length
three? (GATE-2013) (1 Marks)

(A)1/8 (B) 1 (C)7 (D) 8

Answer: (C)

Q How many graphs on n labeled vertices exist which have at least(n?> — 3n)/2 edges? (GATE-
2004) (2 Marks)

a) ((n?- n)/2)C((n?) - 3n)/2 b)RA 2 3/2 (02 -n)/2)cK
¢) ((n?) - n)/2)Cn d) Y2, ((n2-n)/2)CK

Answer: (D)

Q The 2n vertices of a graph Gicorresponds to all subsets of a set of size n, for n >=6. Two
vertices of G are adjacent if and'only if the corresponding sets intersect in exactly two
elements. The ndmber of vertices of degree zero in G is (GATE-2006) (2 Marks)

(A) 1 (B)n (C) n+1 (D) 2n

Answer: (C)

Explanation: Thergareimatdes which are single and 1 node which belong to empty set. And
since they are not having 2 or more elements so they won’t be connected to anyone hence
total number of nedes with degree 0 are n+1 hence answer should be none.




Degree of a Vertex

o Degree of a Vertex: The degree of a vertex in an undirected graph is the number of

edges associated with it, denoted by deg(vi).
e |solated vertex: A vertex with degree zero is called isolated vertex.

o Pendant vertex: A vertex with degree one is called pendant vertex.

e Hand-shaking theorem: - Since each edge contribute two degree in the graph, the sum

of the degree of all vertices in G is twice the number of edges in g. >, d(vi) = 2|E]|

e The number of vertices of odd degree in a graph is always even. Y’ d(vi) =
Yieven (V1) + Yoaq d(VD)

o §(G) * |V(G)| <=2]|E| <= A(G)*|V(G)|, where 6(G) is the minimum possible degree of
any vertex in a graph, where A(G) is the maximum possible degree of any vertex in a
graph.

e Regular graph: - A graph in which all the vertices are of equal degree is called a regular

graph. E.g. 2-regular graph, 3-regular graph.

Q Which of the following statements is/are TRUE for undirected graphs? (GATE-2013) (1
Marks)

P: Number of odd degree vertices.is even.

Q: Sum of degrees of all/vertices is‘even.

a) Ponly b) Q only

¢) Both Pand Q d) Neither P nor Q

Answer: (C)

Q Which one of the following is TRUE for any simple connected undirected graph with more
than 2 vertices?(GATE-2009) (1 Marks)

(A) No two vertices have the same degree.

(B) At least two vertices have the same degree.

(C) At least three vertices have the same degree.

(D) All vertices have the same degree.

Answer: (B)




Q A simple graph G contains 21 edges, 3 vertices pf degree 4 and all the remaining vertices are
of degree 2. Then number of vertices |v| is?

Q A simple non-directed graph G has 24 edges and degree of each vertex is 4, then find the
[v]?

Q Consider a simple graph with 35 edges such that 4 vertex of degree 5, 5 vertex of degree 4, 4

vertex of degree 3, find the number of vertices with degree 2?

Q What is the number of vertices in an undirected connected graph wit edg vertices
Mark

of degree 2, 3 vertices of degree 4 and remaining of degree 3? (GAT 04

(A) 10 (B) 11 (C) 18 (D) 1€

Answer: (D)

g Q ®the which of the

d) 8

Q simple non-directed graph G has 24 edges and degree o
following is possible no of vertices?

a) 20 b) 15 ®

c) 10

Q G is undirected graph with n i ges'such that each vertex has degree at least
3. Then the maximum possible v 2017) (2 Marks)

Answer: (16)

Q Maximum no of vertexinas
3is ?

ple grap dges and degree of each vertex is at least

Q Minimum number simple graph if 41 edges and degree of each

vertex is at mos

llo equence represent a simple non-directed graph?
1) {2,
2) {2,
3){3, 3,3, 1}

4)1{1,3,3,4,5,
5){2,3,3,3,3}
6) {6, 6, 6, 6, 4, 3, 3, 0}

7){6,5,5,4,3,3,2,2,2}




Q The following lists are the degrees of all the vertices of a graph : then (NET-DEC-2004)
(i)1,2 3,45 (ii) 3, 4,5, 6,7 (iii) 1, 4,5, 8, 6 (iv) 3, 4,5, 6
a) (i) and (ii) b) (iii) and (iv) c) (iii) and (ii) d) (ii) and (iv)

Q The degree sequence of a simple graph is the sequence of the degrees of the nodes in the
graph in decreasing order. Which of the following sequences cannot be theidegree sequence
of any graph? (GATE-2010) (2 Marks)

.7,6,5,4,4,3,2,1 1.6,6,6,6,3,3,2,2
.7,6,6,4,4,3,2,2 IV.8,7,7,6,4,2,1,1
(A) land Il (B) lll and IV (C) IV only (D) land 1V
Answer: (D)

Q An ordered n-tuple (d1, d2, ..., dn) withid1 >=d2 >= --- >= dn is called graphic if there exists a
simple undirected graph with n vertices having degrees d1, d2, ..., dn respectively. Which of
the following 6-tuples is NOT graphic? (GATE-2014) (2 Marks)

(A)(1,1,1,1,1,1) (B)(2,2,2,2,2,2)

(€)(3,3,3,1,0,0) (D)(3,2,1,1,1,0)

Answer: (C)




Some Popular Graph

Bi-partite graph: - A graph G(V, E) is called bi-partite graph if it’s vertex set V(G) can be
partitioned into two non-empty disjoint subset Vi(G) and V»(G) in such a way that each
edge e € E(G) has it’s one end point in Vi(g) and other end point in V3(g). The partition V
=V1 U V2 is called bipartition of G.

Complete Bi-partite graph: - A Bi-partite graph G(V, E) is called Complete bi-partite
graph if every vertex in the first partition is connected to every vertex in the second

partition, denoted by Kmn.
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Cycle Graph: - A cycle graph or circular graph is a graph that consists of a single cycle, or

in other words, some number of vertices (at least 3) connected in a closed chain. The
cycle graph with n vertices is called C,. The number of vertices in C, equals the number
of edges, and every vertex has degree 2; that is, every vertex has exactly two edges
incident with it.

Wheel graph: - A wheel graph is a graph formed by connecting a single universal

vertex to all vertices of a cycle. Some authors write W, to denote a wheel graph

with n vertices (n 2 4); other authors instead use W, to denote a wheel graph with n+1
vertices (n = 3), which is formed by connecting a single vertex to all vertices of a cycle of
length n.
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Q the graph Kz 4 has: (NET-DEC-2008)

a) 3 edges b) 4 edges c)./ edges d) 12 edges

Q Consider the graph given below: (NET-DEC-2015)

Vi V2
T
V5 V6
V7 '
\\
V3 !
The two distinct sets of vertices, which make the graph bipartite are:
a) (v1, v4, v6); (v2,%3, v5, V7, v8) b) (v1, v7, v8); (v2, v3, V5, vb)
c) (v1, v4, v6, v7); (w2, v3, v5, v8) d) (v1, v4, v6, v7, v8); (v2, v3, v5)

Answer: (C)




Complement of a Graph

e The complement of a simple graph G (V, E) is a graph G°(V, E) on the same vertices set
as of G, such that there will be an edge between two vertices u, v in G°if and only if
there is no edge between u, vin G. i.e. two vertices of G are adjacent if they are not
adjacent in G.

e V(G)=V(G)
e E(G)={(u,v) [ (u,v) €E(G)}
e E(G®) =E(Kn) - E(G)

Properties

e GUG =Ks
e G G°=null graph
e [E(G)| + |E(G)| = E(Kn) = n(n-1)/2

a b a b
i 1 \
+ —
& L3
C d C d







Traversal

Walk / Edge Train / Chain: -A Walk is defined as a finite alternating sequence of vertices and
edges, beginning and ending with vertices, such that each edge is incident with the vertices
preceding and following it. No edge is allowed to appear more than once in a walk. A vertex,
however, may appear more than once.

V1gV3bV2€V4dV3bV2
V18V2€V4dV3bV2V5
V1gV3cV3bV2aV1
V18V2bV3dV4hV5

e Vertices with which a walk begins and ends are called its terminal vertices. It is possible
for a walk to begin and end at the same vertex. Such a walk is called a closed walk. A
walk that.is not closed is called an open walk.

e An open walkin which no vertex appears more than once is called a path (a path does
not interact itself). Number of edges in a path is called length of a path.

Connected Graph: A graph is said to be connected if there is at one path between every pair of
vertices in G.

e A graph with n vertices can be connected with minimum n -1 edges.

e A graph with n vertices will necessary be connected if it has more than (n-1) (n - 2)/2
edges.




e if a graph (connected or disconnected) has exactly two vertices of odd degree, there
must be a path joining these two vertices

Q Which condition is necessarily for a graph to be connected?
a) A graph with 6 vertices and 10 edges
b) A graph with 7 vertices and 14 edges
c) A graph with 8 vertices and 22 edges

d) A graph with 9 vertices and 28 edges ‘
Q A simple graph G with n-vertices is connected if the graph has (NET-SEP-2013)
(A) (n=1) (n—2)/2 edges (B) More than (n—1) (n—2)/2 edges
(C) Less than (n—1) (n—2)/2 edges (D) S*1 C(ny, 2) edges
|

Q Consider an undirected graph G with 100 nodes. The maximum number of edges to be
included in G so that the graph is not connected is (NET-SEP-2013)

(A) 2451 (B) 4950 (C) 4851 ) (D) 9900

Nd
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Euler Graph

Euler Graph: - If some closed walk in a graph contains all the edges of the graph(connected),
then the walk is called a Euler line and the graph a Euler Graph.

e Agiven connected graph G is a Euler graph if and only if all vertices of G are of even
degree.

N

e A connected graph G is Eulerian if and only if its edge set can be decomposed into
cycles.

e The number of edge-disjoint paths between any two vertices of an Euler graph is even.

e An open walk that includes (or traces) all edges of a graph without retracing any edge is
called a unicursal line or open Euler line. A connected graph that has a unicursal line is
called a unicursal graph.

e Clearly by adding an edge between the initial and final vertices of a unicursal line, we
get.an Euler line.

Unicursal graph

Q G is a simple undirected graph. Some vertices of G are of odd degree. Add a node vto G and
make it adjacent to each odd degree vertex of G. The resultant graph is sure to be (GATE-




2008) (2 Marks)
(A) regular (B) Complete (C) Hamiltonian (D) Euler
Answer: (D)

Q An undirected graph possesses an eulerian circuit if and only if it is connected and its vertices
are (NET-DEC-2010)

(A) all of even degree (B) all of odd degree

(C) of any degree (D) even in numbér

a) (a) only b) (b) and (c) c) (c) only d) (d) only
Answer: (D)

Q Given the following graphs: (NET-AUG-2016)

& G d

G2
Which of the following iSi¢orrect?
a) G1 contains Buler<@ircuitand G2 does not contain Euler circuit.
b) Gl¥does not eontaim Esler Citeuit and G2 contains Euler circuit.
c) Both.G1 and G2 d@ not G@ntain Euler circuit.
d) Both"G@and G2,contain Euler circuit.
Answer: (C)

Q Which of the following graphs has a Eulerian circuit? (GATE-2007) (2 Marks)
(A) Any k-regular graph where k is an even number.

(B) A complete graph on 90 vertices

(C) The complement of a cycle on 25 vertices

(D) None of the above

Answer: (C)




Hamiltonian

Hamiltonian Graph: - A Hamiltonian circuit in a connected graph is defined as a closed walk

that traverses every vertex of G exactly once, except of course the starting vertex, at which the

walk also terminates. A graph containing Hamiltonian circuit is called Hamiltonian graph.

Finding weather a graph is Hamiltonian or not is a NCP problem.

If we remove any one edge from a Hamiltonian circuit, we are left with a path. This path
is called a Hamiltonian path.

If a graph has Hamiltonian circuit then it also has Hamiltonian path, but vice versa is not
true.

In a complete graph with n vertices there are (n - 1)/2 edge-disjoint Hamiltonian circuits,
if nis odd number >=3

A sufficient (but by no means necessary) condition for a simple graph G to have a
Hamiltonian circuit is that the degree of every vertex in G'be at least n/2, where n is the
number of vertices in G. (if this condition satisfy graph will be Hamiltonian but to be a
Hamiltonian graph this condition is not required to be true)

Q Let G be an undirected complete,graph on n vertices, where n > 2. Then, the number of
different Hamiltonian cycles in G is equal to)(GATE-2019) (2 Marks)

(A) n!

(B) n—1! (C)1 (D) (n-1)!/2

Answer: (D)

Q Consider a complete bipartite graph km,n. For which values of m and n does this, complete
graph have a Hamilton circuit (NET-JUNE-2014)

(A) m

=3,n=2 (B)m=2,n=3 (C)m=n>2 (D)m=n>3




Q for which values of m and n does the complete bipartite graph km,n have a Hamilton circuit?
(NET-JULY-2019)

a)jm!=n, m, n>=2 b) m! =n, m, n>=3

c)m=n,m, n>=2 d)m=n, m, n>=3

Q Consider the graph shown below:
This graph is a (NET-DEC-2014)

A B

)

a) Complete graph b) Bipartite graph
c) Hamiltonian graph d) All of the above

Q WAhich of the following'statement(s) is/are false? (NET-DEC-2015)

(a) A connected.multigraphhas an Euler Circuit if and only if each of its vertices has even
degree.

(b) A connected multigraph has an Euler Path but not an Euler Circuit if and only if it has
exactly two vertice$ of odd degree.

(c) A complete graph (Kn) has a Hamilton Circuit whenever n > 3.

(d) A cycle over six vertices (C6) is not a bipartite graph but a complete graph over 3 vertices is
bipartite.

Answer: (D)

Q Consider a Hamiltonian Graph (G) with no loops and parallel edges. Which of the following is
true with respect to this Graph (G)? (NET-JUNE-2015) (NET-JAN-2017) (NET-DEC-2018)




(a) deg (v) = n / 2 for each vertex of G
(b) |E(G)| 21/2(n-1)(n-2)+2edges
(c) deg (v) + deg (w) = n for every v and w not connected by an edge.

a) (a) and (b) b) (b) and (c) ¢) (a) and (c) d) (a), (b) and (c)
Answer: (C)

In an Hamiltonian Graph (G) with no loops and parallel edges: According to Dirac's theorem
in a n vertex graph, deg (v) 2 n / 2 for each vertex of G. According to Ore's theorem deg (v) +
deg (w) 2 n for every n and v not connected by an edge is sufficient condj for a graph to
be hamiltonian. If |E(G)| 21/2 * [(n-1) (n-2)] then graph is ‘mec oesn't
guaranteed to be Hamiltonian Graph. (a) and (c) is correct regardi

Q if a graph(g) has no loops or parallel edges, and if t i in the graph is
n>=3, then graph G is Hamiltonian if (NET-DEC-2018)
(i) deg(v) = n/3 for each vertex v

(ii) deg(v) + deg(w) = n whenever vand w ar
(i) |E(G)| =21/3(n-1)(n-2) + 2

a) (i) and (iii) only b) (ii) only

t

ii) and (iii) only d) (ii) only













Planer Graph

Planer Graph: - A graph is called a planer graph if it can be drawn on a plan in such a way that
no edges cross each other, otherwise it is called non-planer.

Application: civil engineering, circuit designing

a b

Q




Q Which of the following graphs is/are planner? (GATE-19) (2 Marks)

NN
NN




a) Gl only b) G1 and G2
c) G2 only d) G2 and G3
Answer: (C)

Q Which one of the following graphs is NOT planar? (GATE-2005) (2 Marks)

(A) G1 (B) G2 (C) G3 (D) G4
Answer: (A)

Q (GATE-2010) (2 Marks)

K4 Q3
(A) K4 is planar while Q3 is not (B) Both K4 and Q3 are planar
(C) Q3 is planar while K4 is not (D) Neither K4 nor Q3 are planar

Answer: (B)

Q Two graphs A and B are shown below: Which one of the following statements is true? (NET-
DEC-2015)



http://d18khu5s3lkxd9.cloudfront.net/wp-content/uploads/2014/09/GATECS2005Q47.png
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0
a) Both A and B are planar b) Neither A nohB is planar
c) Aiis planar and B is not d) BiiS planakhand s not

Q G1 and G2 are two graphs as shown: (NET-JUNE-2012)

a
& @
d ¢ f

Gl (2

a) Boih G2 and G2 are planarghaphs
b) Both G1 and G2 afé not\planar graphs
¢) G1 is‘plahar anehG Xis,.net planar




d) G1 is not planar and G2 is planar

b c




Simplest Non-Planer Graphs

e Kuratowski’s case I: - Ks

e Kuratowski’s case ll: - K3 3

e Both are simplest non-planer graph

e Both are regular graph

e If we delete either an edge or a vertex from any of the graph, they will become
planer

Q Let G be the non-planar graph with the minimum possible numberof edges. Then G has
(GATE-1992) (1 Marks) (GATE-2007) (1 Marks)

(A) 9 edges and 5 vertices (B) 9 edges and 6.vertices
(C) 10 edges and 5 vertices (D) 10 edges and 6 vertices
Answer: (B)

Q A graph is planar if and only if, (GATE-1990) (2 Marks)

a) It does not contain subgraphs homeomorphic to k5 and k3,3.
b) It does not contain subgraphs isomorphic tok5,.or k3,3.

c) It does not contain a subgraph iseamorphicto k5ork3,3

d) It does not contain a subgraphshomeomorphicito k5or k3,3.
Answer: (D)

Q A graph is non-planar if and only if it contains a subgraph homomorphic to (NET-DEC-2013)
(A) Ka,z or Ks (B) Kg,gand Ke (C) K3,3 or Ks (D) K2,3 and Ks

How to find weather a graph is planer or non-planer

e Afinite graph is planar if and only if it does not contain a subgraph that is
a subdivision(homorphism) of the complete graph Ks or the complete bipartite graph. In
practice, it is difficult to use Kuratowski's criterion to quickly decide whether a given
graph is planar.

e A finite graph is planar if and only if it does not have Ks or K33 as a minor. A minor of a
graph results from taking a subgraph and repeatedly contracting an edge into a vertex,
with each neighbor of the original end-vertices becoming a neighbor of the new vertex.
(Wanger’s theorem)




Further Analysis

e A planer graph divides the plane into number or regions (faces, planer embedding),
which are further divided into bounded(internal) and unbounded region(external).

e Euler's formula states that if a finite, connected, planar graph with v is the number of
vertices, e is the number of edges and r is the number of faces (regions bounded by
edges, including the outer, infinitely large region), then

r=e—v+2

e Euler's formula can be proved by mathematical induction

Euler's formula (Disconnected graph):V—e+r—k=1

Q suppose that a connected planar graph has six verticespeach of dégree fourjinto how many
regions is the plane divided by a planner representation of'this graph? (NES;JULY-2019)
a)6 b) 8 c)12 d) 20

Q Let G be a simple connected Pplanar graph with,13 vertices.and 19 edges. Then, the number
of faces in the planar embedding of'the graph.is (GATE-2005) (2 Marks)

(A) 6 (B) 8 (C)s (D) 13

Answer: (B)

Q Let G be a simple undirected planar graph on 10 vertices with 15 edges. If G is a connected
graph, then the number of bounded faces in any embedding of G on the plane is equal to
(GATE-2012) (1'Marks)

(A) 3 (B)4 (C)5 (D)6

Answer: (D)




Other formula derived from Euler’s formula

e Connected planar graphs with more than one edge obey the inequality 2e>=3r, because
each face has at least three face-edge incidences and each edge contribute exactly two
incidences.

e Degree of the region is number of edges covering the region. Sum of degree of
regions = 2| E|

e Usingr=e—v+2and 3r<=2e, eliminatingr we get,e<3v-56

e Usingr=e—-v+2and3r<=2e, Eliminating e we get,r<2v-4

Q maximum number of edges in a planar graph with n vertices (GATE-1992) (2.Marks)
Answer: 3n-6

QA graph G = (V, E) satisfies |E| £3 |V| — 6. The min-degree of G is defined as

min {degree (v)}

vew . Therefore, min-degree of G cannot be (GATE-2003) (2 Marks)
(A) 3 (B) 4 (C)5 (D) 6

Answer: (D)

Let the min-degree of G be §(G), then G has at least |v| * §(G) /2 edges.

[v|* 8(G) /2<=3%|v| -6

|v]* &8(G) /2-3*|v| <=-6

for 6(G) = 6, we get 0 <= -6, Therefore, min degree of G cannot be 6.

Hence answer is (D).

Q Let 6 denote the minimum degree,of a vertex in a graph. For all planar graphs on n vertices
with & > 3, which one of the fellowing is TRUE? (GATE-2014) (2 Marks)

(A) In any planar embedding, the number of faces is at least n/2 + 2

(B) Inany planar embedding, the number of faces is less than n/2 + 2

(C) Therenisiasplanar embedding in which the number of faces is less than n/2 + 2

(D) There 1s a planar,embedding in which the number of faces is at most n/( 6 +1)

Answer: (A)

This is the planaggraph with minimum degree 33 for each vertex.

From this graph, we can say that 3n<2e—>(1)3n<2e->(1)

As per Euler's formla :n-e+f=2=e=n+f-2->(2):n-e+f=2=e=n+f-2->(2)
From (1)(1) and (2)(2)

n+f-2>3n2n+f-2>3n2

=f>3n2-n+2=1>3n2-n+2

=f>n2+2=f>n2+2 (No of faces is at-least (n2+2) )



http://d18khu5s3lkxd9.cloudfront.net/wp-content/uploads/2014/10/GATECS2003Q40.png

Graph Coloring

e Graph coloring can be of two types vertex coloring and edge coloring.
e Associating a color with each vertex of the graph is called vertex coloring.
e Proper Vertex coloring: - Associating all the vertex of a graph with colors such that no

two adjacent vertices have the same color is called proper vertex coloring.

e Chromatic number of the graph: - Minimum number of colors required to do a proper
vertex coloring is called the chromatic number of the graph, denoted by x(G). the graph
is called K-chromatic or K-colorable.

e Cost of finding chromatic number is an NPC problem and there exists no polynomial
algorithm to do that. There exists some greedy approach which try to solve it in P time,
but they do not guarantee optimal solution.

e Trivial graph is 1-chromatic

e A graph with 1 or more edge is at least 2-chromatic

e A complete graph K, is n-chromatic

e Tree is always 2-chromatic

e Bi-partite graph is 2-chromatic

e Cpis 2-chromatic if n is even, C, is 3-chromatic if n is odd

e 5-color theorem-any planer graph is at most 5-chromatic

e 4-colour theorem/hypothesis- any planer graph is 4-chromatic

o If A(G) is the maximum degree of any vertex in a graph then, x(G) <=1 + A(G)

Q Whatis,the chromatic number of the following graph? (GATE-2008) (1 Marks)




(A) 2 (B) 3 (C)4 (D)5
Answer: (b)

Q The chromatic number of the following graph is (GATE-2018) (2 Marks)

Answer: (3)

Q The minimum number of colors required to color the fallowing gfaph, suchthat no two
adjacent vertices are assigned the same color, is (GATE-2004)(2 Marks)

(A) 2 (B) 3 (C)4 (D)5
Answer: (C)

Q The minimum number of colors'that is sufficient to vertex color any planar graph is
(GATE-2016) (1. Marks)

Answer: (4)

Q What'is the chromatic number of an n-vertex simple connected graph which does not
contain any odd length cycle? Assume n >= 2. (GATE-2009) (1 Marks)

(A) 2 (B) 3 (C)n-1 (D) n

Answer: (A)

Q The minimum number of colors required to color the vertices of a cycle with n nodes in such
a way that no two adjacent nodes have the same color is (GATE-2002) (1 Marks)

(A) 2 (B) 3 (C) 4 (D)n—-2|n/2| +2

Answer: (D)



http://d18khu5s3lkxd9.cloudfront.net/wp-content/uploads/2014/09/GATECS20014Q77.png

Q The number of colors required to properly color the vertices of every planer graph is (NET-
JUNE-2012)
a)2 b) 3 c)4 d)5

Q In k-coloring of an undirected graph G = (V, E) is a function
c:V—>{0,1, .., K-1} such that c(u) !=c (v) for every edge (u,v) € E.
Which of the following is not correct? (NET-DEC-2018)

a) G is bipartite

b) G is 2-colorable

¢) G has cycles of odd length

d) G has no cycles of odd lengt

>
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Tree
A tree is a connected graph without any circuit.

e There is one and only one path between every pair of vertices in a tree

e |Ifinagraph G, thereis one and only one path between every pair of vertices then G is a
tree

e Atree with n vertices has n-1 edges

e Any connected graph with n vertices and n-1 edges in a tree

e Agraphisatreeif and only if it is minimally connected

e Agraph G with n vertices and n-1 edges and no circuit is connected

Eccentricity: - Eccentricity of a vertex is denoted by E(v) of a vertex v.in a graph G, it is the
distance from V to the vertex farthest from Viin G..E(v) = max d(v, vi) vie G

e A vertex with minimum eccentricity in.a tree T is called center of T.

e Minimum eccentricity of any vertex in a tree T is called radius of tree. (eccentricity of
center)

e Maximum eccentricity of any vertex in a tree T is called diameter of tree. (length of the
longest path)

e Every tree has either one or two centers.




Q Consider the tné@givenoelow: (NET-DEC-2012)




8
f n
Using the property of eccentricity of a vertex,find every vert at center of the given
tree: ‘
a)d & h b) c &k d)c&h

QT is a graph with n vertices. T is n-1 edges, then: (NET-DEC-2005)
a)Tis atree

b) T contains no cycles

c) Every pairs of vertices in T is nected b

d) All of these

Q What is the m
(GAT ar

um ber dges in an acyclic undirected graph with n vertices?

(C)n+1 (D) 2n-1

Q The minimu
2010)
(A)n(n-1) (B) n (n—1)? (C)n? (D)n-1

er of edges in a connected graph with ‘n’ vertices is equal to (NET-DEC-

Q which of the following statement is false? (NET-JUNE-2006)
a) Every tree is a bipartite graph
b) A tree contains a cycle




c) A tree with n nodes contains (n-1) edges
d) A tree is connected graph

Q Which of the following does not define a tree? (NET-JUNE-2008)
a) a tree is a connected acyclic graph.
b) A tree is a connected graph with n-1 edges where ‘n’ is the number of

c) A tree is an acyclic graph with n-1 edges where ‘n’ is the num" of v e graph.
d) A tree is a graph with no cycles.

Q which two of the following are equivalent for an undireeted gra (NET-JUNE-2009)

i) Gisatree

ii) There is at least one path between any tw inct vertices

iii) G contains no cycles and has (n-1) eo’s
iv) G has n edges
a) (i) and (ii) b) (i)

d) (ii) and (iii)

Q Let T be a tree with 10 vertices. The su
(GATE-2017) (1 Marks)

Answer: (18)

grees of all the verticesin T is

Q A certain tree h i gree 4, one vertex of degree 3 and one vertex of degree
2.1ft ‘ ee 1, how many vertices are there in the graph? (NET-DEC-
2014)

a)5 c) 20 d) 11

Q Consider the un
length n. We have an edge between vertex u and vertex v if and only if u and v differ in exactly
one-bit position (in other words, v can be obtained from u by flipping a single bit). The ratio of
the chromatic number of G to the diameter of G is (GATE-2006) (2 Marks)

(A) 1/(2™) (B) 1/n (€) 2/n (D) 3/n

Answer: (C)

cted graph G defined as follows. The vertices of G are bit strings of




Q How many edges are there in a forest of t-trees containing a total of n vertices? (NET-DEC-
2013)
(A)n+t (B)n—t (C)n=t (D) n*

Q A tree with n vertices is called graceful, if its vertices can be labeled with integers 1, 2,....n
such that the absolute value of the difference of the labels of adjacent ve e all
different. Which of the following trees are graceful? (NET-DEC-2015)

_N\

@ g———@——eo—e

e

. % A
a) (a) and (b) b) (b) and (c) ¢) (a) and (c) d) (a), (b) and (c)
Ans: D




Spanning tree

e Atree Tis said to be spanning tree of a connected graph G, if Tis a subgraphof Gand T
contains all vertices of G.
e Anedgein aspanning tree Tis called a branch of T
e An edge that is not in the given spanning tree T is called a chord.
e Branch and Chord are defined with respect to a given spanning tree.

e With respect to any of its spanning tree, a connected graph of n vertices and e edges
has n-1 branches and e-n+1 chord

e A connected graph G is a tree if and only if adding an edge between any two vertices
in g creates exactly one cycle.

e Rank(r) =n-1

e Nullity(u)=e—-n+1

e Rank + nullity = number of edges in G

“"
b e b
“N /\
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Spanning Forest: - if a graph is not connected, then there is no possibility of finding a spanning
tree, but we can find a spanning forest. If a graph is not connected then we can find connected

components, finding a spanning tree in each component we can find spanning forest.

e Adisconnected graph with K components has a spanning forest consisting of K spanning
tree.




(b
>
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e Nullity(n) =e—-n+k
e Rank(r) =n-k
e Rank + nullity = number of edges in G

Fundamental circuit: - With respect to a spanning tree T in a connected graph G, adding any
one chord to T will create exactly one circuit such a circuit formed by adding a chord to a

spanning tree is called fundamental circuit.

Q for a complete graph with N vertices, the total number of spanning tree is given by: (NET-

DEC-2006)
a) 2N—1 b) NN-l C) NN—Z d) 2N+1

\<




Q How many edges must be removed to produce the spanning forest of a graph with N
vertices, M edges and C connected components? (NET-JUNE-2013)
(A) M+N—C (B) M—N-C (C) M—N+C (D) M+N+C

Q Which of the following connected simple graph has exactly one spanning tree? (NET-JUNE-
2013)

(A) Complete graph (B) Hamiltonian graph
(C) Euler graph (D) None of the above
- \

Q The number of different spanning trees in complete grap bipartite'ghaph, K2,2
have and respectively. (NET-JULY-2016)
a) 14,14 b) 16, 14 c) 16,
Ans. C

4
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Cut-Set (edge and vertex connectivity)

Cut-Set (Edges)

Cut Set: - In a connected graph G, a cut set is a set of edges whose removal from g leaves G
disconnected, provided removal of no proper subset of these edges disconnects G.

Q which of the following set of edges is a valid cut set?

{a, f, g}
{a, e, h,c}
{a, i}

{e, h, f, g}
{d, h, ¢, g}
{d, e, f}

e Every Cut Set in a connected graph G must contain at least one branch of every
spanning tree of G.

e Every circuit has an even number of edges in common with any Cut-Set.




e Connectivity: - each cut-set of a connected graph G consist of a certain number of
edges. The number of edges in the smallest cut-set is defined as the edges connectivity
of G. It is denoted by A(G).

e if the edge connectivity from a graph is one, then that edge how’s removal disconnect
the graph is called a bridge.




Cut-Set (Vertex)

Cut Set: - In a connected graph G, a cut set is a set of vertices whose removal from g leaves G
disconnected, provided removal of no proper subset of these vertices disconnects G.

Q which of the following set of edges is a valid cut set?

{5, 3}
{6}

{5, 2}
{2}
{1,5, 3}

Vertex Connectivity: - Each cut-set of a connected graph G consist of a certain number of

vertices. The number of vertices in the smallest cut-set is defined as the vertex connectivity of
G. It is denoted by k(G).




e A connected graph is said to be separable of its vertex connectivity is one.

If the vertex connectivity of a graph is one, then that vertex how removal disconnects a
graph is called articulation point.

® Km,n, Cn, Kn

S
-




Qif Gis a forest with n vertices and k connected components, how many edges does G have?
(GATE-2014) (2 Marks)

(A) floor(n/k) (B) ceil(n/k) (C) n-k (D) n-k+1
Answer: (C)

Q The maximum number of possible edges in an undirected graph with ‘a’avertices and ‘k’
components is . (GATE-1991) (2 Marks)
Answer: ((a-k+1)(a-k))/2

Hence the maximum is achieved when only one of the components has more than one vertex.
How many vertices does this graph have? the big component has n-k+1n-k+1 vertices and is
the only one with edges. So it has (n—-k+1)(n-k)2 edges.

Q G is a graph on n vertices and'2n — 2 edges. The,edges ofG can be partitioned into two edge-
disjoint spanning trees. Which of thefollowing.is NOT true for G? (GATE-2008) (2 Marks)

(A) For every subset of k verticesgthe induced subgraph has at most 2k-2 edges

(B) The minimum cut in G has at least two'edges

(C) There are two edge-disjoint paths between every pair to vertices

(D) There are two vertex-disjoint paths between every pair of vertices

Answer: (D)

R
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Q Let G be an arbitrary graph with n nodes and k components. If a vertex is CRm G,
the number of components in the resultant graph must neces ie betwee TE-2003) (1
Marks) (k-1)(n-1)
(A) kand n
(C)k—1andn-1
Answer: (A)

Explanation: Minimum: It may be possible tha

component. Maximum: It may Qe possible tha@the r

the numbers 1, 2, ..., 10 etween vertices u and v if and only if the label of u
can be obtained by s umbers in the label of v. Let y denote the degree

of a vertexin G, ber of connected components in G. Theny + 10z =

es. Label of each vertex obtains from distinct permutation of
numbers “1, 2, ... 1
There exists an etween two vertices iff label of ‘U’ is obtained by swapping two adjacent
numbers in label of V.

Example:

12 & 21,23 &34

The sets of the swapping numbers be (1, 2) (2, 3) (3, 4) ... (99).

The no. of such sets are 99 i.e., no. of edges = 99.

As this is regular, each vertex has ‘99’ edges correspond to it.




Q Let G = (V, E) be a directed graph where V is the set of vertices and E the set of edges. Then
which one of the following graphs has the same strongly connected compenents as G? (GATE-
2014) (1 Marks)

a) G1 = (V,E1) where E1={(u, v)|(u, v)&E}

b) G2 = (V,E2) where E2={(u, Vv)|(v, u)EE}

¢) G3 = (V,E3) where E3={(u, v)| there is a path of length <2 from u tow in E}

d) G4 = (V4,E) where V4 is the set of vertices in G whichare not isolated

Answer: (B)

(A) is false. Consider just two vertices connected to each other. So, we have one SCC. The new
graph won't have any edges and so 22 SCC.

(B) is true. In a directed graph an SCC will have a path from each vertex to every other vertex.
So, changing the direction of all the edges, won't change the SCC.

(D) is false. Consider any graph with isolated vertices- we loose those components.

(C) is a bit tricky. Any edge is a path of length 11. So, the new graph will have all the edges
from old one. Also, we are adding new edges (u,v)(u,v). So, does this modify any SCC? No,
because we add an edge (u,v)(u,v), only if there is already a path of

length <=2<=2 from uu to vv- so we do not create a new path. So, both (B) and (C) must
answer, though GATE key says only B.




Isomorphism

In general, two graphs are said to be isomorphic if they are perhaps the same graphs,
but just drawn differently with different names. i.e. two graphs are thought of as
isomorphic if they have identical behavior in terms of graph-theoretic properties.
Formally speaking: - Two graphs G and G’ are said to be isomorphic, if there is a one to
one correspondence between their vertices and between their edges such that the
incidence relationship is preserved.

More Formally speaking: Two graph Gi(V1,E1) and G2(V>,E2) are isomorphism to each
other if there is a bijection function :

f: Vl(Gl) 9 Vz(Gz)

such that any two vertices u, v € V1(Ga), if u, v € E1(Ga) iff (f(u), f(v)) € E2(G2)
i.e. if u,v are adjacent in G1 then, f(u) and f(v) will be adjacent in G..

Time Complexity two find weather two graphs are isomorphic or not Determining if
two graphs are isomorphic is thought to be neither an NP-complete problem nor a P-
problem, although this has not been proved (Skiena 1990, p. 181). In fact, there is a
famous complexity class called graph isomorphism complete which is thought to be
entirely disjoint from both NP-complete and from P.



http://mathworld.wolfram.com/P-Problem.html

How to check weather two graphs are isomorphic or not

e Number of vertices

e Number of edges

e Number of vertices with a given degree

e Check degree property of vertices with their neighbor

e Check minimum cycle length, maximum cycle length, or number of cycles with a specific
length

e Can check isomorphism for complement of the graph

e Planer, non-planer

e Connected disconnected

e Chromatic number

e Matching number, covering number

e Edge connectivity, vertex connectivity

If it seems that graphs are isomorphic to each other than identify the similar vertex and delete
both, and keep repeating the process until we are sure.
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Q Which of the fellowing graphs is isomorphic to (GATE-2012) (2 Marks)
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Answer: (B)

Q (NET-JUNE-2014)
Consider the graph given below as -

Ly o un LE,

1= Ll LN Llg
W hich one of the following graph is
isomorphic 1o the above graph 7

(A
(B)

() [ 1 v I
(D) [ H.,-, 1-_.“= |



http://d18khu5s3lkxd9.cloudfront.net/wp-content/uploads/2013/11/graphThoery2012.png

Q A graph is self-complementary if it is isomorphic to its complement. For all self-
complementary graphs on n vertices, n is (GATE-2015) (2 Marks)

(A) A multiple of 4 (B) Even

(C) Odd (D) Congruent to 0 mod 4, or 1 mod 4

Answer: (D)

Q A cycle on n vertices is isomorphic to its complement. The val‘ of ni .(GATE-2014)
(2 Marks)

Answer: (5)
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Matching and covering

Matching: - Let G be a graph, a subgraph M of G is called a matching of G, if every vertex of G
is incident with at most one edge in M.

deg(v) <=1, V, VeV(G)

J C

M1 M, M3 Mgy

¢ In matching no two edges are adjacent.

Maximal Matching: - A matching M of a graph G is said to be maximal, if no other edges of G

can be added to M, without violating the deg condition.
Maximum Matching: - A matching of a graph with maximum no of edges is called a maximum

matching of G.

e Number of edges in a maximum matching of G is called matching number.




Perfect Matching: - A matching of a graph in which every vertex is matched is called perfect

matching.

e |f a graph G has a perfect match then no of vertices in G is even.
e |f no of vertexes is even, it is not necessary to have a perfect match.
e No of perfect matchings are there in a complete graph Knis [(2n)!]/n!2"

Q How many perfect matchings are there in a complete graph of 6 vertices? (GATE=2003) (2
Marks)

(A) 15 (B) 24 (C).30 (D)60

Answer: (A)




Covering

Line Covering: - Let G (V, E) be a graph, a subset C of E is called a line covering of G, if every
vertex of G is incident with at least one edge in C. (deg at least one)

deg(v)>=1
o C o1 4 c1 2 3 4 ¢ | & }
o . J
a b {a b i b | & b | o b

C1 C Cs Cs

e Line covering of a graph G does not exist.if G has an isolated vertex.

Minimal Line covering: - A line covering is said to be minimal if no edge can be deleted from

the line covering, without destroying its ability to cover the graph.

Minimum line covering: - A line covering with minimum no of edges is called a minimum line

covering.

e . No of edges in minimum line covering is called line covering number of a graph G,
denoted by ai
¢ line covering of a graph with n vertices contain at least lower bound(n/2) edges.

e no minimal line covering can contain a cycle.




Independent Line set: - Let G (V, E) be a graph, a subset L of E is called independent line

set of G, if no two edges are adjacent.

\ e

L1 = {(b, d)}

L ={(b, d), (e, f)}

Ls ={(a, d), (b, c), (e, f)}
La = {(a, b), (e, f)}

Maximal independent Line set: - An independent line set L of a graph G is said to be maximal
if no other edges of G can be added to L.

Maximum independent line set: - An independent line set L of a graph G, with maximum no of
edges is called maximum independent line set.

e No of edges inminimum independent line set is called independent number of G
denoted by Ba.
line independent no = matching no of G
ar+ B1=|v|




Vertex Covering: - Let G (V, E) be graph, a subset K of V is called a vertex coving of G. if

every edge of G is incident with a vertex in K.

I C

—~

Ki={b, d}
K2=1{a, b, c}
Kz = {b, C, d}

Minimal vertex cover: - Vertex covering K of a graph G is said to be minimal if no vertex can be

deleted from K, without violating the condition.

Minimum vertex covering: - A vertex covering of a graph G with minimum number of vertices

is called as minimum vertex covering.

No of vertices in.a minimum vertex covering is called vertex Covering no of graph G
denoted by a;




Independent vertex set: - let G (V, E) be a graph, a subset S of V is called an

independent vertex set if no two vertices in S are adjacent.

ey c

S1={b}
S, ={d, e}
Ss3={a, c}

Maximum independent Vertex Set: - An independent vertex set is said to be maximal, if no

other vertex of G can be added to the set.

S1 = {b}
S2={d, e}
S3={a,c, e}

Maximum independent vertex set: - An independent vertex set of graph G with maximum no

of vertices is called maximum independent vertex set.

e The number of vertices in maximum independent vertex set is called as vertex
independent number of G donated by 32
a2 + B2 =+| V|

Q What is the size of the smallest MIS (Maximal Independent Set) of a chain of nine nodes?
(GATE-2008) (1 Marks)

(A) 5 (B) 4 (C)3 (D) 2
Answer: (C)




Q A vertex cover of an undirected graph G(V, E) is a subset V1 € V vertices such that (NET-
JUNE-2013)

(A) Each pair of vertices in V1 is connected by an edge

(B) If (u,v) EEthenu€Viandv EV;

(C)If (u,v) EEthenu€ViorveV;

(D) All pairs of vertices in V1 are not connected by an edge

Q Let G be a simple graph with 20 vertices and 100 edges. The size of the.minimumyyvertex cover
of G is 8. Then, the size of the maximum independent set of G iIS/(GATE-2005) (1 Marks)
(A) 12 (B) 8 (C) Less than 8 (D), More"than 12
Answer: (A)

Q A clique in a simple undirected graphyis a complete subgraphithat is not contained in any
larger complete subgraph. How many cliques arethere in the gg@ph shown below? (NET-JULY-
2016)

d . f
a)2 b) 4 c)5 d)6

Q In a connected graph, a bridge is an edge whose removal disconnects a graph. Which one of
the following statements is True? (GATE-2015) (2 Marks)

(A) A tree has no bridge

(B) A bridge cannot be part of a simple cycle

(C) Every edge of a clique with size > 3 is a bridge (A clique is any complete subgraph of a

graph)




(D) A graph with bridges cannot have a cycle
Answer: (B)

QA complete subgraph and a subset of vertices of a graph G = (V, E)
are a clique and a vertex cover respectively. (NET-DEC-2013)
(A) minimal, maximal (B) minimal, minimal

(C) maximal, maximal (D) maximal, minimal




Function

A relation ‘T’ from a set ‘A’ to a Set ‘B’ is called a function, if each element of A is mapped
with a unique element on B.
f: A>B

Set A is called Domain and B is called Co-Domain
Rangeof f={y | ye Band (x, y) € f}
Range of funE B

If |A| =mand |B|=n, then number of functions possible from AtoB=n"

Q The number of functions from an m element set to an n element set is (GATE-1998) (1
Marks)

ajm+n b) m" c)n™ d)m*n
Answer: (C)

Q Suppose X and Y are sets and |X| and |Y| are their respective cardinalities. It is given that
there are exactly 97 functions from X to Y. From this one can conclude that (GATE-1996) (1
Marks)

(A) [X]=1, |Y|=97 (B) [X[=97, |Y[=1
(C) |X|=97, |Y|=97 (D) None of the above
Answer: (A)

Qlet X, Y, Z be sets of sizes x, y and z respectively. Let W =X x Y. Let E be the set of all
subsets of W. The number of functions from Z to E is (GATE-2006) (1 Marks)

(A) 22v (B)Zzx2» (C) 2¢ (D) 2*
Answer: (D)

Q Let S denote the set of all functions f: {0,1}* -> {0,1}. Denote by N the number of functions
from S to the set {0,1}. The value of Log,Log:N is . (GATE-2014) (2 Marks)
Answer: 16

Q Let N be the set of natural numbers. Consider the following sets.
P: Set of Rational numbers (positive and negative)
Q: Set of functions from {0, 1} to N




R: Set of functions from N to {0, 1}

S: Set of finite subsets of N.

Which of the sets above are countable? (GATE-2018) (1 Marks)

(A) QandSonly (B)PandSonly (C)PandRonly (D)P,QandSonly
Answer-D

Q A function f:N*->N*, defined on the set of positive integers N*, satisfies the following
properties:

f(n)=f(n/2) if nis even

f(n)=f(n+5) if nis odd

Let R={i | 3j : f(j)=i} be the set of distinct values that f takes. The maximum possible size
of Ris . (GATE-2016) (2 Marks)

Ans: 2

Q Let X and Y be finite sets and f: X ->Y be a function. Which one of the following
statements is TRUE? (GATE-2014) (1 Marks)

a) For any subsets A and B of X,| f(A u B)| = [f(A)| + [f(B)|

b) For any subsets A and B of X, f(A N B) =f(A) N f(B)

c) For any subsets A and B of X,| f(A N B)| = min{|f(A)|, [f(B)|}

d) For any subsets Sand T of Y,f /(SN T) =fS) N f(T)

Answer: (D)

LetX={a, b,c}andY={1, 2}
Letf(a) =1, f(b) =1, f(c) =1and A ={a}, B={b, c}

A)
LHS: |f(AUB)| = [f({a, b, c})|= [{1}] =1
RHS: |f(A)|+|f(B)| = 1+1 = |f(A)|+|f(B)| =1+ 1 =2,

B)
LHS: f(ANB) = f({})={}
RHS: f(A)nf(B) = {1} n {1} = {1}

C)
LHS: [f(ANB)[=]f({})[=]{}|=0
RHS: min{|f(A)[,|f(B)|}=min(1,1) =1

D) Its easy to see that this is true because in a function a value can be mapped only to one
value. The option assumes inverse of function ff exists.




Q Let f: A->B be a function, and let E and F be subsets of A. Consider the following
statements about images.

Si:f(EUF)=f(E)UTf(F)

S f(EnF)=f(E) nf(F)

Which of the following is true about S1 and S2? (GATE-2001) (2 Marks)

(A) Only S1 is correct (B) Only S1 is correct

(C) Both S1 and S2 are correct (D) None of S1 and S2 is correct
Answer: (B)




Function composition

fog(x) = f(g(x))
gof(x) = g(f(x))

Q If g(x) = 1-x and h(x)=x/ (x-1), then g(h(x)) / h(g(x)) is: (GATE-2015) (1 Marks)

a) h(x) / g(x) b)-1/x c) g(x) / h(x) d) x/ (1-x)?
Answer: (a)

Q Let f and g be the functions from the set of integers defined by f(x)=2x+3 and g(x)=3x+2.
Then the composition of f and g and g and f is given as (NET-Jan-2013)

a) 6x+7, 6x+11 b) 6x+11, 6x+7

c) 5x+5, 5x+5 d) None of the above

Answer: (a)




One-to-One (Injection)

A function F: A>B is said to be one-to-one function if every element of A has distinct image
in B. i.e. no two elements of the set B can have the same Pre-image in A.

If A and B are finite set, then one-to-one from A->B is possible
if |A] <= |B]

No of function possible = "pm =P (n, m)
If |A| = |B| =n, then no of functions possible is n!

Q Let X and Y denote the sets containing 2 and 20 distinct objects respectively and F denote
the set of all possible functions defined from X and Y. Let f be randomly chosen from F. The
probability of f being one-to-one is (GATE-2015) (2 Marks)

Answer: 0.95




Onto (surjection)

A function f: A 2 B is said to be onto if and only if every element of B is mapped by at least
one element of A.

Range of f =B
If A and B are finite sets, then onto function from A—>B is possible, |B|<=|A|
If |A| = |B], then every onto function from A to B is also one-to-one function.

No of onto function possible from A to B
=n™—-"cy(n-1)™ + "c3(n-2)™ -"c3(n-3)™ +--------- +(-1)""c g 1™

Q The number of onto functions (surjective functions) from set X ={1, 2, 3, 4} to set Y = {3,
b, c}is (GATE-2015) (2 Marks)
Answer: 36

Q How many onto (or surjective) functions are there from an n-element (n >=2) set to a 2-
element set? (GATE-2014) (2 Marks)

(A) 2" (B) 2" -1 (c)2"-2 (D) 2(2"-2)

Answer: (C)

Q Consider the set of all functions f: {0,1, ... ,2014} = {0,1, ... ,2014} such that f(f(i)) =i, for
all 0 <i<2014. Consider the following statements: (GATE-2014) (2 Marks)

P. For each such function it must be the case that for every i, f(i)=i

Q. For each such function it must be the case that for some i, f(i)=i

R. Each function must be onto.

Which one of the following is CORRECT?

(A) P, Q and R are true (B) Only Q and R are true
(C) Only P and Q are true (D) Only R is true
Answer: (B)

QlLletf: B> Cand g: A - B be two functions and let h =f o g. Given that h is an onto
function. Which one of the following is TRUE? (GATE-2005) (2 Marks)




(A) f and g should both be onto functions
(B) f should be onto but g need not be onto
(C) g should be onto but f need not be onto
(D) both f and g need not be onto

Answer: (B)

Q Let f be a function from a set A to a set B, g a function from B to C, and h a function from
A to C, such that h(a) = g(f(a)) for all a € A. Which of the following statements is always true
for all such functions f and g? (GATE-2005) (2 Marks)

(A) g is onto => h is onto (B) his onto =>f is onto

(C) hiis onto => g is onto (D) his onto =>f and g are onto

Answer: (C)




Bijection
A function f: A> B is said to be bijection if f is one-to-one and onto.
Bijection from A and B is possible, if |A| = |B|
No of Bijection from A to B = n!

Inverse of a function
Let f: A= B, if the inverse relation f from B to A is also a function f: B=>A

Inverse of a function f: A B exists, if f: A>B is a bijection.

Q Let R denote the set of real numbers. Let f: RxR—>RxR be a bijective function defined by f
(x, y) = (x +y, x-y). The inverse function of f is given by (GATE-1996) (2 Marks)

a) f(x, y)=(1/ (x +y), 1/ (x-))

b) fH(x, y)=(x -y, x +y)

c) FHx, y)=((x +y) /2, (x—y) / 2)

d) (x, y)=[2(x - y),2(x +y)]

Answer: (C)




Constant function: A function f: A>B is a constant function if f(x) = c, Vx € A

Identity function: A function f: A>A is called an identity function if
F(x) =x, Vxe A




Q For the set N of natural numbers and a binary operation f: Nx N - N, an elementz € N is
called an identity for f, if f (3, z) =a =f (z, a), for all a € N. Which of the following binary
operations have an identity? (GATE-2006) (1 Marks)

1.f(x,y)=x+y-3 2.f(x,y) =max(x,y) 3.f(x,y)=x"
(A)landllonly (B)lland lllonly (C)landlllonly (D) None of these

Answer: (A)




